Preprint typeset in JHEP stylo - HYPER VERSION 



(N 

O 
(N 

> 

o 

O: 



Accidental SUSY: Enhanced Bulk 
Supersymmetry from Brane Back-reaction 

CP. Burgess, ^'^ L. van Nierop,^ S. Parameswaran,^ A. Salvio^ and M. Williams^ 

^ Department of Physics & Astronomy, McMaster University, Hamilton ON, Canada 
^ Perimeter Institute for Theoretical Physics, Waterloo ON, Canada 
^ Institute for Theoretical Physics, Leibniz University, Hannover, Germany 
^ Scuola Normale Superiore and INFN, Pisa, Italy 

Oi 

D . Abstract: We compute how bulk loops renormalize both bulk and brane effective inter- 

f- 
actions for CO dimension- two branes in 6D gauged chiral supergravity, as functions of the 

brane tension and brane-localized flux. We do so by explicitly integrating out hyper- and 
> '. 

V/^ " gauge-multiplets in 6D gauged chiral supergravity compactified to 4D on a flux-stabilized 2D 

o" 
in 



rugby-ball geometry, specializing the results of a companion paper, arXiv : 1210 . 3753, to the 
super symmetric case. While the brane back-reaction generically breaks supersymmetry, we 
show that the bulk supersymmetry can be preserved if the amount of brane-localized flux is 
related in a specific BPS-like way to the brane tension, and verify that the loop corrections 
to the brane curvature vanish in this special case. In these systems it is the brane-bulk cou- 
^ , plings that fix the size of the extra dimensions, and we show that in some circumstances the 

bulk geometry dynamically adjusts to ensure the supersymmetric BPS-like condition is au- 
tomatically satisfied. We investigate the robustness of this residual supersymmetry to loops 
of non-supersymmetric matter on the branes, and show that super symmetry-breaking effects 
can enter only through effective brane-bulk interactions involving at least two derivatives. We 
comment on the relevance of this calculation to proposed applications of codimension-two 6D 
models to solutions of the hierarchy and cosmological constant problems. 
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1. Introduction 

If teflon theories are those to which lack of experimental support does not stick, then super- 
symmetry is their poster child. Indeed, supersymmetry continues to play a central role in 
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particle theory — and has done so for more than 3 decades — despite its so-far disappoint- 
ing prediction: the perpetually imminent discovery of superpartners for all Standard Model 
particles. 

Its longevity in the teeth of such disappointment has many reasons, but an important one 
is its good ultraviolet properties. Supersymmetry is one of the few symmetries (another is 
scale invariance) that can suppress both scalar masses and vacuum energies when unbroken, 
and so potentially might be useful for the hierarchy and the cosmological-constant problems. 
The challenge is to enable this suppression to survive the symmetry breaking required to ex- 
plain the experimental absence of superpartners. Moreover, supersymmetry arises organically 
in string theory, which remains our best candidate for physics at the highest energies. 

These observations suggest the utility of re-thinking the (apparently signature) prediction 
of Standard-Model superpartners, since it is the absence of evidence for these that so far pro- 
vides the best evidence for absence of supersymmetry. The key assumption that underlies the 
prediction of superpartners (and so, more broadly, of the super symmetric Standard Model, 
minimal or otherwise) is the assumption that supersymmetry is linearly realized. After all, 
nonlinear realization does not require superpartners, because nonlinear ly realized supersym- 
metry acts on a single-particle state (say, the electron) to give a two-particle state (an electron 
plus a goldstino) |]l|, |2[ rather than the single-particle state (a selectron) required by linear 
realization. 

Nonlinearly realized supersymmetry also arises organically in string theory when super- 
symmetry is broken by the presence of branes Q. D-branes often break half of the super- 
symmetries present in the bulk, and by so doing provide counter-examples to previously 
conjectured no-go theorems |^ precluding partial supersymmetry breaking. In general, a 
configuration of branes can break all or only part of the supersymmetries present in the bulk. 
This observation has spawned a variety of studies of brane-induced partial supersymmetry 
breaking within both string and brane- world models ||6|, . 

Physically, nonlinear realization is appropriate if the symmetry-breaking scale, M^, is 
larger than the UV scale, Muv, above which the theory's UV completion intervenes ||8|, In 
this case symmetry multiplets can be split by more than Mjjy, and so the low-energy theory 
need not contain the particle content required to linearly realize the symmetry. For D-branes 
the UV completion is string theory itself, so the brane spectrum need never linearly realize 
supersymmetry in the field theory limit below the string scale. 

When supersymmetry breaks on a brane it is often true that the bulk sector is more 
supersymmetric than the brane sector, since the bulk must pay the price of a (possibly weak) 



- 2 - 



bulk-brane coupling before it learns that supersymmetry is broken. As a result, unlike for the 
branes, the bulk spectrum has equal numbers of bosons and fermions, whose masses could be 
split by as little as the Kaluza Klein scale. It therefore has the field content to linearly realize 
supersymmetry, and so can have much milder UV properties than would be expected for the 
branes. 



The gravity of SUSY 

All of this suggests a somewhat unorthodox picture of how low-energy supersymmetry might 
be realized despite the apparent experimental absence of superpartners [10|. If Standard- 



Model particles were localized on a supersymmetry-breaking brane sitting within a more 
super symmetric bulk, then Standard-Model superpartners would be avoided and the low- 
energy world would have a gravity sector that is much more supersymmetric than is the 
Standard-Model sector to which accelerators have access. 

Supersymmetric signals would be much harder to find in such a world, and would depend 
somewhat on the number of degrees of freedom present in the gravity sector. Although each 
mode is gravitationally coupled, observable energy loss rates into the gravitational sector 
can be possible (such as in the specific realizations involving supersymmetric large extra 
dimensions ^] ) . In such scenarios the enormous phase space can compensate the small 

gravitational couplings, just as one obtains for gravitons in ordinary large extra dimensions 

©HI- 

Can the good UV properties of supersymmetry still be useful within this kind of picture? 
A hint that they can comes from the observation that both the hierarchy problem — 'Why 
is the weak scale so far below the Planck scale?' — and the cosmological constant problem 
— 'Why does the vacuum energy gravitate so weakly?' — involve gravity in their formula- 
tion. Perhaps they might be ameliorated by the same physics if the gravity sector were very 
supersymmetric. 

But there is no substitute for testing these ideas with an explicit calculation of the size 
of loop effects. A well-developed, fairly simple and concrete framework within which to do 
so is to describe the supersymmetric bulk using the field equations of 6D chiral, gauged 
supergravity Ijl^], which has long been known to allow (marginally) stable compactifications 



to 4D on a sphere [y^, 17 1. All but a single modulus, of this supergravity is stabilized 
by the presence of a Maxwell flux that threads the sphere in a monopole configuration. It 
is also known how to embed SUSY-breaking branes into this system including their back- 
reaction onto the extra-dimensional geometry, which (for two branes) deforms from a sphere 
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into a rugby ball^ (with the branes located at the tips) [|lT| or into something even more 
distorted ||l^, |l^. (See also ||2^ for similar flux-stabilized rugby-ball constructions within a 
non-supersymmetric context.) 

In this paper we test the UV properties of this kind of framework by explicitly computing 
the contribution of bulk loops to the IPI quantum action (as well as to the vacuum energy), 
including the supersymmetry-breaking influence of the branes. We do so by adapting to the 



supersymmetric case a general calculation of bulk loops on rugby-ball geometries |21]. For 
technical reasons these calculations are only for low-spin bulk fields — i. e. spins zero, half and 
one — but work is in progress to extend our present results to higher spins. By combining 



with earlier results for brane loops |22|, we can piece together how the complete one-loop 
result depends on brane and bulk properties. 

In particular, because our interest is in the low-energy effects of UV modes, we track how 
short-wavelength bulk loops renormalize the local effective interactions both on the brane 
and in the bulk. In particular we ask how they depend on the single bulk modulus, ip, as 
well as on the two main brane properties relevant at low energies: their tension, Tb, and the 
amount of stabilizing Maxwell flux, <I>ft, that is localized on the branes.^ Although may 
seem unfamiliar, its presence is in general required in order for the full brane-bulk system 
to have low-energy deformations that can satisfy flux-quantization constraints that relate 
to Tb |23|. Both Tb and ^b correspond to the coefficients of the first two terms in a generic 
derivative expansion of the brane action: 



Sh 



[ d'x^ Tb + ^ f $,e-^*F + ..., (1.1) 



where *F is the 6D Hodge dual of the background 6D Maxwell flux, F^n, (whose gauge 
coupling is ^); W denotes the 4D world-surface of the brane and ^ab = QhiNdax'^' dbX^ is the 
induced metric on W. The ellipses in eq. ( |1.1D correspond to terms involving at least two 
derivatives of the bulk fields. 

In general, both Tb and ^b can depend on the various bulk scalar fields — in particular 
on the bulk dilaton, 0, that appears in the 6D gravity supermultiplet — and generically this 
dependence breaks the classical scaling symmetry whose presence is responsible for the bulk 
geometry's one classical modulus, ip. Because of this the brane-bulk backreaction combines 



""^North American readers should think 'football' here, but we use 'rugby' to avoid cultural disagreements 
about the shape of a football. 

■^Maxwell (or gauge) flux can be localized on a 3-brane in 6 dimensions in the same way that magnetic flux 
can be localized on a string (or vortex) in 4 dimensions. 
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with flux quantization to fix tliis last remaining modulus. This is why quantities like the IPI 
action can depend on once branes are present, even at the classical level. 



Accidental SUSY 

Remarkably, we find for the simplest situation — two identical branes that do not couple 
at all to the 6D dilaton cj), situated at opposite ends of a rugby-ball geometry — the 
one-loop vacuum energy precisely vanishes. On closer inspection it does so because all bulk 
Kaluza-Klein (KK) modes come in degenerate bose-fermi pairs. In retrospect this happens 
because once the bulk modulus, if, adjusts to relate to T;, as dictated by flux quantization, 
the boundary conditions at the brane allow a Killing spinor to exist in the bulk. That is, the 
branes unexpectedly leave unbroken the single 'accidental' 4D subset of 6D supersymmetry 



that is also left unbroken by the bulk [16|. This residual supersymmetry was not noticed 
earlier because its existence requires <l>b to be nonzero. Consequently it is not present for the 
'pure-tension' branes that are the usual fare of brane-world calculations. 

This unbroken supersymmetry is accidental in the sense that it arises automatically for 
two identical branes, provided these are described only up to one-derivative level (i.e. by 
eq. assuming only that T;, and do not depend on (j). It is in general broken once 

higher-derivative effective brane-bulk interactions are also included, since these modify the 
boundary conditions of bulk fields in such a way as to preclude there being a Killing spinor. 
What is remarkable is how generic this supersymmetry is, since it depends on only to two 
requirements: {i) that the branes not couple to the bulk dilaton, (p; and {ii) that both branes 
are identical'^ (such as might be enforced by a Z2 symmetry). 

Because of this accidental supersymmetry, the bulk contribution to the vacuum energy 
should vanish to all orders in the absence of brane-localized fields and of two-derivative (and 
higher) interactions on the brane. We explicitly verify that this is true at one-loop order, by 
generalizing results derived earlier for the non-supersymmetric case 

More generally, non-supersymmetric configurations can also be explored for which the 
localized fiux differs on the two branes. We find that integrating out massive bulk super- 
multiplets at one-loop gives a low-energy vacuum energy contribution that is generically of 
order 

A-^. (1.2) 

where C is an order-unity constant obtained by summing the contributions of all fields in the 
problem (and to which bosons and fermions contribute with opposite signs). Generically C is 
^Even though supersymmetry breaks when {ii) is not satisfied, it is known [ p^ that the bulk geometry 
obtained is stiU flat in the on-brane directions, provided only that (i) is satisfied. 
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proportional to whatever quantities break super symmetry, for instance giving C oc (A<1>)^ for 
branes with unequal fluxes: A<1> = $-|_ — In the supersymmetric case of identical branes 
C = 0. 

Ultimately, the surprisingly small size of ( [1.2| ) has two sources. It can be partially traced 
to the supersymmetry of the bulk geometry, since 6D supersymmetry strongly restricts how 
the bulk action is renormalized by short-wavelength UV modes. In particular, one-loop 
renormalizations of the bulk action (and its higher-derivative corrections) vanish once summed 
over a 6D supermultiplet for supersymmetric rugby balls, independent of what the brane 
properties are. This generalizes (for low-spin fields) to rugby balls an earlier result for Ricci- 
flat geometries |24|. 



The second important ingredient underlying ( |l.2D is classical scale invariance, which 
ensures the bulk action can be written in the form 

8^=1 d^xv^ e-2<^ Ls{g,,^, d,,ct>, ■ ■ ■) , (1-3) 

where Lg does not depend on (p undifferentiated, and the Jordan-frame metric, Qmn is related 
to the Einstein- frame metric in 6D by = e"^ g^N • This guarantees that a factor of e^*^ 
accompanies each loop in the Jordan frame, and so provides the bulk theory's loop-counting 
parameter, e"^ turns out to be very small for large rugby balls because flux stabilization 
dictates that e'^ ~ l/{MQr)'^, where Mg is of order the 6D Planck scale (more about which 
below). Consequently each bulk loop contributes a factor proportional to l/r^, making the 
one-loop vacuum energy naturally of order the KK scale. 

In the 6D Einstein frame these same factors of e*^ are also easily understood, since there 
they arise because Einstein-frame masses, m, are related to Jordan-frame masses, M, by 

= M'^e'^. Consequently m ~ 1/r even if M ~ Mg. To obtain m ~ Mg would require 
M ^> Mq, for which a proper treatment requires understanding the UV completion above 
Mg, likely a string theory. It is here that bulk supersymmetry is likely to play an even more 
important role. 

Finally, we use the results of the one-loop calculation to estimate the size of higher 
loops. In particular, we explore the size of two-loop contributions in the supersymmetric 
case for which the one- loop result vanishes. Here we find the most dangerous contributions 
involve both a bulk and a brane loop, and in some circumstances these can contribute A oc 
/i^m^/(47r)^ oc /u^/(167r^r)^, where ^ is a brane mass and ~ M^e*^ is the bulk mass 
encountered above. When present such contributions dominate, and we explore when this 
obtains. 
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The rest of this paper is organized as fohows. First, §^ describes the bulk supergravity of 
interest, its rugby ball solutions and their supersymmetry properties. Then §H briefly recaps 



the results of ref. |21| for the one-loop IPI action as computed for spins zero, half and one 
propagating within the rugby-ball geometry, with a focus on how short-wavelength modes 
renormalize the bulk and brane actions. Next, ^ assembles these renormalization results for 
individual particles into a result for several 6D supermultiplets. Then §|5| computes how to 
get from the IPX action to the 4D vacuum energy, tracking how the bulk back-reacts to the 
loop-changed brane energy densities, contributing an amount comparable to the direct loop- 
generated changes themselves. Finally, a brief summary of our conclusions, and the estimate 
of higher-loop bulk-brane effects can be found in §|^. 

2. Bulk field theory and background solution 

We begin by summarizing the field content and dynamics of the bulk field theory of interest: 
six-dimensional gauged, chiral supergravity |l^ coupled to a number of 6D gauge- 

and hyper- supermultiplets. 

2.1 6D gauged, chiral supergravity 

The field content of the supergravity sector of the theory consists of the minimal supergravity 
multiplet plus a single chiral Kalb-Ramond tensor multiplet; that is, a metric (s'mjv), antisym- 
metric Kalb-Ramond field (i?jv/jv), dilaton (0), gravitino (iPm) and dilatino (x)- The theory 
has a lagrangian formulation^ because the Kalb-Ramond field has both self-dual and anti- 
self-dual parts (one comes from the gravity multiplet and the other from the tensor multiplet) 
and this is the purpose of including the single chiral tensor multiplet. The supergravity is 
chiral because the fermions are all complex 6D Weyl spinors - satisfying jTipM = fpM and 
77 X = -X- 

This gravity multiplet can also couple to matter supermultiplets, of which we consider two 
types: gauge multiplets - containing a gauge potential (A'^j) and a chiral gaugino (77 A" = 
A"); or hyper-multiplets — comprising two complex scalars {^') and their chiral hyperini 
(77 ^'^ = —^'). 6D supersymmetry requires the scalars within the hypermultiplets to take 
values in a quaternionic manifold, and precludes them from appearing in the gauge kinetic 
terms or in the kinetic term for the dilaton field <p [p^ ]. 

The supergravity is called 'gauged' because the 6D supersymmetry algebra has an abelian 
C/(1)h symmetry that does not commute with supersymmetry and is gauged by one of the 



*In general 6D supergravities need not |23], when self-dual or anti-self dual Kalb-Ramond fields are present. 
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gauge multiplets. The fermion fields ipM, X ^-iid A" all transform under the U{l)ii gauge 
symmetry, as do the hyper-scalars, (but not the hyperini, For instance, the gravitino 
covariant derivative is 

^A/V'iv = (dM - ^ ojm^"" - iA,,^ - T^.^Vl , (2.1) 

where oJm^^ denotes the spin connection, F^^^ the metric's Christoffel symbol, F^^ := 
^ [F^, Tb\ is the commutator of two 6D Dirac matrices and the gauge field Am gauges the 6D 
U{l)ji symmetry. 



Anomaly cancellation 

Because the fermions are chiral there are gauge and gravitational anomalies, which must 



be cancelled using a version of Green-Schwarz anomaly cancellation |27, In 6D this is 
not possible for generic anomalous theories, but under some circumstances can be done. In 
particular, Green-Schwarz anomaly cancellation requires: a Kalb-Ramond field which shifts 
under the anomalous gauge symmetry (and so whose field strength contains a Chern-Simons 
term for this symmetry), and some restrictions on the gauge groups and number of chiral 
matter fields present [^]. In particular, the number of gauge- and hyper-multiplets, Uq and 



Uh, must satisfy [29 



Uh = nG + 2U. (2.2) 



We see from this that anomaly-freedom ensures there are literally hundreds of matter multi- 
plets. 

For the theory of interest here the Kalb-Ramond field required by anomaly cancellation 
is simply B^n of the supergravity multiplet, whose field strength, Gmnp, is required by 
supersymmetry to contain Chern-Simons contributions. For instance, at lowest order 

Gmnp = QmB^p H — 77 FmnAp + (cyclic permutations) , (2.3) 

where Fmn = dmAj^—df^AM is the abelian gauge field strength for the U{l)ji gauge symmetry, 
and ga is its coupling constant. More generally, at higher orders anomaly cancellation also 
requires Gmnp to contain gravitational Chern-Simons terms. 
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Bulk action and field equations 

The bosonic part of the classical 6D supergravity action is:^ 



4^ = e-2<^ 



-g 



(2.4) 



where carets indicate curvatures, determinants or raised indices that are computed using the 
metric, Qmn- Here the sum over gauge fields includes, in particular, the abelian factor that 
gauges the f7(l)fl symmetry — whose gauge coupling, g^, appears in the scalar potential on 
the right-hand side. Qjj[^) is the metric of the quaternionic coset space, M = G/H^ in which 
the $^ take their values. 

Eq. ( |2.4D can be rewritten in the 6D Einstein frame by rescaling g[^.,f^ = e'^ g^N^ to give 

^R + d,,cl>d''A-^G,,^,G''''^ 



4g2 ^^-^'^ 2 



2 F^.^F"'^ - - g,j{^)g'"'D,,^'D^^' - ^ efUi^) . (2.5) 



The potential, is nontrivial and depends on the gauge group and other details but in 



the cases for which it is known |32| it is extremized for $^ = 0, near which 



u = i + —grjioW<^' + ... . (2.6) 

In particular = is consistent with the full equations of motion. 

The presence of e""^^ as an overall prefactor in eq. (|2.4| ) reveals e'^'^ as the loop-counting 
parameter, and this action neglects higher-order corrections that are suppressed relative to 
the ones shown by powers of e"^"^ and/or higher derivatives. Among these are interactions 
that are related by supersymmetry to anomaly canceling terms, such as one-loop corrections 



to the gauge kinetic function, F^.^F^"" = e'^ F^iNFa'' B Hi- 

The equations of motion for the bosonic fields which follow from the action, eq. (2.5), 
after using <I>^ = are: 

K-2 ^.2 o„2 

6 Agi k2 



^Our metric is 'mostly plus' and we follow Weinberg's curvature conventions |^^, which differ from those 
of MTW only by an overall sign in the definition of the Riemann tensor. To keep the same notation as 
pl| ] we adopt here a convention for gauge fields that differs in normalization by a factor of the relevant gauge 
coupling, Qa, compared with our earlier papers on 6D supergravity. 
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L>M ( G'"'n = , L>„ ( e-<^ F^'n =0 (2.7) 



Rmn + 5„0a^<^ + ^ e-2<^ G„pg G^^'^' + F^/P^aiv^ + J (□</>) 5Miv = , 

2 ff^ 2 

where the second-last equation is for the U{l)ii gauge potential whose Chern-Simons term 
appears in the field strength Gmnp, as in eq. ( |2.3| ). 

Massive supermultiplets 

Both the gauge- and hyper- supermultiplets described above furnish representations of 6D 
supersymmetry for massless particles. By contrast, the particle content for a massive 6D 
matter multiplet consists of a massive gauge particle, a massive Dirac fermion and three 
scalars - a total of 8 bosonic and 8 fermionic states. 

Since this is also the combined field content of a gauge- plus a hyper-multiplet, one 
expects to be able to form a massive multiplet by having the gauge boson from a gauge 
multiplet 'eat' one of the scalars of a hypermultiplet through the Higgs mechanism. For 
ungauged supergravity, with vanishing scalar potential, this is indeed what happens in general 
as the hyperscalars can take arbitrary constant values in the vacuum. This picture is also 
consistent with the observation that massive states should not alter the anomaly cancellation 
conditions since the condition, eq. ( p. 21 ), is not modified when equal numbers of gauge and 
hypermultiplets are added to the system. 

If w denotes the v.e.v. of the field that breaks the relevant gauge symmetry, we expect the 
common mass of all elements of the massive supermultiplet to be of order ~ e'^w'^ (in the 
6D Einstein frame^). This dependence of on cp can be seen in several ways: for the gauge 
fields it arises because of the presence of e~'^ in the gauge kinetic term. Alternatively, the 
proportionality oc e'^ can also be seen from the overall factor of in the hypermultiplet 
scalar potential, U = 2 g'^e'^ U{^). These factors of e'^ play an important role in the overall 
size of the effects found later from loops of massive fields. 

2.2 Rugby-ball compactifications 



The simplest compactified solutions |16, 11] to the field equations (^J) are found using the 



Freund-Rubin ansatz [35] in which: cj) = constant and 



ffM.= ( ' , J ^nd FM. = f . ). (2.8) 

9mn{y)J VO jemniy). 



"a frame-independent way to write this is K,m? ~ e'^Kw'^ 
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Here g^y is a maximally-symmetric Lorentzian metric — i.e. de Sitter, anti-de Sitter or flat 
space — while gmn and emn are the metric and volmne form on the two-sphere, 82. The 
Bianchi identity requires the quantity / appearing in the background gauge field — which 
could be any one of the gauge fields present in the theory — is a constant. All other fields 
vanish. 

As is easily verified, the above ansatz solves the field equations provided that the following 
three conditions are satisfied: R^^ = 0, 

J_ p pmn ^ai 20 and i? - -— e""^ F F ^ - -^^^ e''!' a (2 9) 

9b 9b 9b 9b 

where''' Qb is the gauge coupling, Qa, for the specific gauge generator whose potential is nonzero 
in the background. This in general differs from the gauge coupling, Qj^, of the abelian R- 
symmetry, (that enters through its appearance in the scalar potential). These imply 

the four dimensional spacetime is flat, plus the two conditions 

<t> ^ A f ^ 9b /^9b9r^'^ ^c\\ 

Notice that these expressions determine the values of / and (j) in terms of the size of the extra 
dimensions, implying in particular that e"^ becomes very small when r is very large. 

The gauge potential. Am, that gives rise to the field strength Fmn is the potential of 
a magnetic monopole. As such, it is subject to the condition that the total magnetic flux 
through the sphere is quantized:^ 

/ F = Airr'^f = 2ttN (sphere with no branes) , (2-11) 

JS2 

with iV = 0, ±1, ... This requires the normalization constant, /, to satisfy: 

N 

f = — ^ (sphere with no branes) (2-12) 

2 



where r is the radius of the sphere. Comparing eqs. ( 2.10D and eq. ( 2.12| ) then implies 



= lb ga/ 9, which is only possible if gs is an integer multiple of g. 



^The coupling qb as defined here is ^-independent, and so is related to the coupling g{(j>) used in |2^] by 

*This expression assumes that all charged matter fields couple to the background gauge potential with 
strength qb, and so differs from the corresponding one in which allows the coupling strength to be qgB- 
Although Qb can be defined so that g = 1 for any particular matter field, this cannot be done for more than 
one field at a time. See fcll] for the expressions with general q. 
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Of particular interest in what follows is the special case where the bulk background flux 
lies in the U{l)ji direction, in which case 

Ob = Sr and so = ±1 (Salam-Sezgin solution) . (2-13) 



This solution turns out to preserve precisely one 4D super symmetry |16], and in later sections 
we seek to identify the size of supersymmetry breaking effects due to the back-reaction of the 
source branes. 

Notice, however, that the value of r itself is not determined by the field equations, indi- 
cating the existence of a (classical) flat direction. Because of eq. ( p. 101 ) this flat direction can 
be parameterized either by r or (p, and its existence is a general consequence of the following 
rigid classical scaling symmetry of the supergravity field equations: 

(p^ (j) + c and gMN eT" 9mn , (2.14) 

(and so Qmn is fixed). Since this is only a symmetry of the classical bulk equations, the 
flat direction can be lifted, even classically, once the bulk is coupled to brane sources that 
break this symmetry. Alternatively, it is also generically lifted by quantum effects, with £-loop 
corrections to the action proportional to e^*-^"^^"^ when expressed in terms of the scale-invariant 
metric, Qmn- 

Brane sources 

The solutions as outlined so far describe an extra-dimensional 2-sphere supported by flux, 
with metric 

ds^ = r2fd02^sin2 0d(^2) , (2.15) 



without the need for brane sources |16]. However brane sources can be introduced into this 
supergravity solution [^] simply by allowing the angular coordinate to be periodic with period 
9? ~ + 27ra with a not equal to unity. Geometrically, this corresponds to removing a wedge 
from the sphere along two lines of longitude and identifying points on opposite sides of the 



wedge |20|. This introduces a conical singularity at both the north and south poles, with 
defect angle 5 = 27r(l — a), a geometry called the rugby ball. 

Physically, this geometry describes the gravitational field of two identical brane sources, 
one situated at each of the two poles, with Einstein's equations relating the defect angle to 
the properties of the branes. Concretely, take the action of the brane to be^ 

Sb = - d'^x Lb 



more covariant way of writing the term linear in Fmn is as the integral of the 6D Hodge dual, *F, over 
the 4-dimensional brane world-sheet pif. 
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M^)pdA' =^ T^h (2-17) 



with Lb = n-0e^''F^n + --- , (2.16) 

with Jab ■= Omn dax'^' dbX^ being the brane's induced metric and elhpses denoting terms 
involving two or more derivatives. In general the coefficients and Ab and so on could 
depend on any of the 6D scalars, (p or . 

The back-reaction of such a brane onto the extra-dimensional geometry is governed by the 
near-brane boundary condition the brane induces on all bulk fields. This boundary condition 
relates the radial derivative of the field to the brane action, for instance implying for the 
hyper scalars (36| 

where p denotes proper distance from the brane. In general, a bulk field having a nonzero 
derivative near a brane diverges at the brane positions, leading to curvature singularity there. 
But it turns out that if the coefficients T^, Ab etc. are all independent of the bulk scalars, 
then the singularity is fairly mild: a conical defect such as found in the above rugby-ball 
geometries. In this case the near-brane boundary conditions degenerate to a formula p7| , 23] 
for the defect angle at the brane's position: 

6b = K^Lb. (2.18) 

In the special case of a rugby-ball solution, since the defect angle is the same at both poles 
the same must be true of Lb for the corresponding branes at each pole,^'' with 

27r(l -a) = K^L± = SttGqL± , (2.19) 

where 6 = it labels the two poles. 

The presence of the brane sources complicates the flux quantization condition in two 
important ways. The first complication arises because the resulting defect angle changes the 
volume of the sphere, which appears in the flux-quantization condition when integrating over 
the bulk magnetic field, 

F = 47rar2/- (2.20) 



I So 



'S2{a) 

The second complication arises because the branes themselves can carry a localized fiux, given 
by 

2TT^b = Abe'^. (2.21) 



''See |l^, Q for solutions with conical singularities that can differ at the two poles. 
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This can be seen by asking how Ab changes the boundary conditions for the bulk gauge field, 
and tracking these through the flux-quantization condition, which becomes p3[| 



27rA^ = 27r^>+ / F = 2tt ^ + ATrar'^ f , (2.22) 



where $ := Ylb Ab- 
solving this for / and comparing with the bulk field equation, eq. ( |2.1C1| ), we find that 
eq. ( 2.12| ) generalizes to 



/ = ^ = ±7^, (2-23) 



where N := oj{N — $) = zizg^/gn and we follow [21| by defining (for later convenience) 



uj :=-. (2.24) 

a 



Notice that if Ab oc e^'^ then 27r<l> = Abc'^ is independent of 4>, and so also independent 
of the flat direction guaranteed by eq. ( p. 141) (which can be parameterized by (j)). However, if 
Ab has any other (/)-dependence (and in particular if it is (/>-independent) then ^> varies with 
(p, and eq. (|2?22|) lifts the de generacy of the flat direction. It then should be regarded as an 



equation to be solved for $ (and so also for cp), to give 

^ = N-aM = NT^- (2.25) 

9r 

For instance, if Qb = Qr and N = ±1 (as in the Salam-Sezgin solution), then using a = 1—5/2it 
implies 

r 

$ = ±(1 - a) = ±— (if gs = gR and N = ±1) . (2.26) 

zvr 

This can be regarded as a dynamical adjustment of $ to track the defect angle (and so also 
the brane tensions) so long as $ depends on the flat direction, cf) (i.e. so long as X^^^fe is not 
proportional to e~'^). 

Notice that because eq. ( |2.18| ) gives the defect angle as a function of tension and brane 
flux, once the brane-localized flux adjusts to track the brane tension the defect angle is 
completely determined by the brane tensions alone. However the presence of the flux acts to 
change the size of the defect angle produced by a particular tension, T, relative to its naive 
value. That is, for a 'pure tension' brane — i.e. in the absence of higher-derivative brane 
interactions (including brane-localized flux) — each brane's contribution to the defect angle 
would be controlled by its tension 

27r(l - a) = K^T = SttGgT (no brane-localized flux) . (2.27) 
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But in the presence of brane-localizing flux the brane lagrangian instead evaluates to 

^b = J-b 9 i = J-b o 1 = -tfe =F 9 1 , {l.lti) 

where the ellipses represent terms like R that involve at least two derivatives (and so are down 
by at least 1/r^). We see that for the rugby ball with equal fluxes and tensions (T+ = T_ = T 
and = <!>_ = ^ combining this with eq. ( 2.25| ) gives the relation between defect angle 
and tension as 

S = 2^(1 - a) = AirGeT + vr (^1 T • (2.29) 

For instance, in the Salam-Sezgin case — where = ga and = ±1 — the presence of $ 
makes the defect angle 5 = 27r(l — a) half as large as it would have been - i.e. eq. ( |2.27|) - if 
$ had vanished: 

5 = 27r(l - a) = — = Att GqT (with brane-locahzed flux) . (2.30) 

Having a single-derivative and no-derivative term compete in this way might raise con- 
cerns for the validity of the derivative expansion for the brane action. However the brane- 
localized flux can be larger than the other terms in a derivative expansion for two reasons: 
its dependence on the zero mode and its participation in the flux-quantization condition. On 
one hand the dependence on the (otherwise undetermined) zero mode makes its coefficient 
free to adjust to satisfy flux quantization. And on the other hand, flux quantization makes it 
compete with the bulk flux and so drives its coefficient out to a volume-enhanced value. The 
same is not true for other terms in the derivative expansion of the brane action. 

2.3 Super symmetry of the solutions 

It was famously shown by Salam and Sezgin ||l^ that the spherical solution (no defect angle) 
using = ±1 unit of f/(l)js flux preserves a single 4-dimensional supersymmetry. We here 
reproduce their argument to identify how back-reaction in the presence of branes changes this 
conclusion. We find that pure tension branes always break all of the bulk supersymmetry, 
but supersymmetry can be preserved if both tension and brane-localized flux are present. 
In particular, we find that the condition for unbroken supersymmetry is precisely the same 
condition as is imposed by fiux quantization, as found earlier (eq. ( ^.26 )). 



A background configuration does not break supersymmetry if the supersymmetry trans- 
formations all vanish when evaluated at the background solution. Since the variations of 



'^See ref. ]39] for a precursor to the argument we present here. 
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bosonic fields all vanish trivially (because all fermions vanish in the background), it suffices 
only to evaluate the fermionic variations. For the 6D supergravity of interest, with background 
U{l)ji flux and vanishing hyper scalar s, this requires all of 



1 1 



Sx = ^(a,„/.)r^^6 + -e-<^G„^pr*^^^e 

<5Vm = ^ D,,e + ^ e-<^ Gpg«r^««r„e (2.31) 

to vanish. 

First consider the variation of the dilatino, x- Since 4D maximal symmetry and 2 internal 
dimensions require vanishing Gmnp, the condition 5x = implies the dilaton must be a 
constant: = 0. Since back-reaction relates 6Sh/6(j) to the near-brane limit of pdpcf), the 
requirement that (j) he a. constant implies all brane actions must be stationary with respect 
to dilaton variations when evaluated at the background. A sufficient condition for this to be 
so is to have all of the coefficient functions, Tf,, Ah etc., be completely independent of the 
dilaton. 

Next, the condition (5A = can be written as 

. (_!_ ^„.r"» - !^) . . ^ (4.„.„r™ - i) . . (2.32) 

when evaluated with Fmn = iemn/(2?^^) and e"^ = /{Ag'^r'^). Using the following represen- 
tation of 6D Gamma matrices: 

where 7^^ are the usual 4D Dirac matrices and 75 = — Z7'^7^7^7^, we have 

emnT"''' = 2ih' ° ) , (2.34) 

V -75 / 

and so the condition 6X = implies the 6D Weyl spinor e satisfies 



e4± 



(2.35) 



^In what follows, we follow the conventions in Appendix C of 
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where £4^ is a 4D spinor that satisfies the 4D Weyl condition ■j5£4± = ±e4±, with the sign 
correlated with that of J\f = 2r^/ = ^gs/gR = ±1. 

Finally the condition SiIj^ = boils down to the existence of a covariantly constant 
(Killing) spinor: 



Due = 5m - -Tab '^if - e = , 



(2.36) 



where the covariant derivative of e depends on Aj^j because the corresponding symmetry is 
an R symmetry (and so does not commute with supersymmetry). The integrability condition 
for such a spinor states [D^j, Dis,]e = —i (| Rj^inpqF^'-^ + Fmn) e = 0, which for the rugby-ball 
background becomes 

^(rmn-Afemn)e = 0. (2.37) 

This is automatically satisfied by eq. (|2.35|) together with 75e4± = Afe = ±£4^. 

To find the Killing spinor we take two coordinate patches, centered about the North and 
South poles (labeled by 5 = ±), and use the frame fields 



-, / —b sin ip \ 

1 / COS (fi \ 

m _ ^ I r a sine „ fJ- _ xfJ. „ m _ n. 

^'^ ~ r \ U ■ cosio ' - "a , - U, 



(2.38) 



to compute the following non-zero components for the spin connection u}ff: 



= a cos 6 — b = —uj^ . 



(2.39) 



The background gauge potential satisfying the near-brane boundary conditions dictated by 



back-reaction |23| is similarly given by 



A, 



Ma 



(cos e -b) + b^b, 



(2.40) 



where = ±1. The non-trivial component of the covariant derivative becomes 



d^-'-[^^ ° ) (acos0-6) + ^(cose-6)-i6$b 
2 V -75/ 2 



e = 0. 



(2.41) 



and so £4^ must satisfy 



Equivalently, 



+ ib 



£4± = . 



(2.42) 



- - ^>_) £4± = and [±(1 - a) - <I>] £4± = . 



(2.43) 
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where $ := + <&_, and so solutions exist (and are constants) when the branes satisfy 

$ 1 5 
= ^>„ = - = ±- (1 - a) = ±— . (2.44) 

+ 2 2 ^ ^ 47r ^ ^ 

We see that a single 4D super symmetry survives when the branes are identical — i.e. 
have equal tensions^'^ and fluxes — and with localized fluxes related to their tensions by 
eq. ( p.44 ). In particular, when = then any nonzero brane tension — a ^ 1 — breaks 



supersymmetry. 

Finally, we remark on the remarkable equivalence of the flux-quantization condition, 
eq. ( 2.26| ), and the supersymmetry condition, eq. ( p. 44 ), on This states that the value 



to which <I> is dynamically driven along the classical flat direction by flux quantization is 
precisely the one super symmetric point on this flat direction. In particular, when and 
Ab are (/(-independent (which ensures compatibility with vanishing gradients for (j)) this flat 
direction stabilizes at the supersymmetric position for any choice (consistent with the rugby- 
ball condition = L_) for the constant coefficients Tf, and Ab- 

Control of approximations 

We close this section with a brief summary of the domain of validity of the previous discus- 
sions, which has two important components: weak coupling and slowly-varying fields. 

First, since we work within the semi-classical approximation, slowly varying fields are 
required to trust the effective 6D supergravity approximation for whatever theory (presumably 
a string theory) provides its ultraviolet completion. In practice, without knowing the details 
of this UV completion, we demand fields vary slowly relative to the length scale set by k. 
This is the analogue of the a' expansion in string theory, and in the Jordan frame it requires 
f^^K where r is the size of the extra dimensions as measured with the Jordan-frame metric, 
gMN- In terms of the Einstein-frame radius, r, used elsewhere in the text, this condition 
instead is t := r'^e'^/n ^ 1. If the classical rugby-ball solutions are to fall within this regime, 
eq. ( 2.10| ) shows that we must require 



> 45^ (2.45) 

Second, since (as remarked earlier) each bulk loop in the 6D supergravity of interest 
comes accompanied by a factor of e'^'^', the semiclassical approximation additionally requires 
weak coupling: e"^ ^ 1. (This is the analogue of the condition of small string coupling for 



^''Non-rugby-ball solutions with differing tensions also liave nontrivial dilaton profiles p^ , ps) , and so 
are excluded by tlie condition 9a/ — 0. 
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string compactifications.) This implies a semiclassical understanding of the flat direction 
labeled by r (or (p) is possible within the regime 

^ « « 1 . (2.46) 

Next, once brane sources are included we must also demand them not to curve excessively 
the background geometry, and for branes with tension T this requires 

K^Tb < 1 . (2.47) 

For rugby-ball geometries this ensures the defect angle satisfies 5 <^2tt. 

Finally, the semiclassical approximation also restricts the properties of particles that 
can circulate within loops, even if these do not appear among the background fields. Most 
notably their masses cannot be too large if quantum effects associated with gravity are to 



remain under control [40|. For particles of mass m = M this requires 

gl TT? = gl M^e'^ <C Km^ = kM^c^ <C 1 . (2.48) 

3. Mode sums and renormalization 

This section summarizes the results of the companion paper [^], so readers familiar with 
[PH] should feel free to skip to §4. Our goal is to compute the UV-sensitive part of the IPX 
quantum action, F = 5" + S, due to bulk loops. Our starting point is the following expression 

iS = 1 d'x Vi_ioop = - ^ i-r TV Log + , (3.1) 

for the one-loop action arising from a loop of low-spin 6D fields moving in the background 
rugby-ball geometry. The calculation is quite general, assuming only that the field has statis- 
tics (— )^ = ± with upper (lower) sign applying for bosons (fermions), and its kinetic operator 
(or, for fermions, its square) can be written in the form — □ + X + m^. We also assume 
the six-dimensional d'Alembertian splits into the sum of four- and two-dimensional pieces: 
□e = ^4 + ^ is some local quantity (perhaps a curvature or background flux); and m 
is a 6D mass. This is sufficiently general to include the spin-zero, -half and -one particles of 
interest in later sections. 

One-loop mode sums 

Specializing to rugby-ball backgrounds and Wick rotating to Euclidean signature, we have 



Vl-loop = ^(-)^A'^E / 

jn 



(27r)'^ i ^2 
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(-) 



F+1 



4-d 



dt 



Sit), 



(3.2) 



2(47rr2)d/2 ti+d/2 

where rrij^ = Aj„/r^ denote the eigenvalues of —02 + X in the compactified space and 
d = 4 — 2 e with regularization parameter, e, taken to zero after all divergences in this limit 
are renormalized. The function S{t) is defined by 



Sit) :- 



exp [-tXjn] 



+ tzlll + + Si/2\/i + Sit + 53/2*^/2 + S2t^ + Oit^''^) 

t yt 



(3.3) 



and its small-t limit is of interest because this controls the UV divergences appearing in 
Vi-ioop: 



C 



1— loop 



iA-Kr"^)"^ 



7^ + l-(- 

4 — a \m 



+ V 



c 



f 



(47rr 



2^2 



+ V 



(3.4) 



where Vj is finite and /i-independent when d 
constant C is given in terms of the Si by 



4 and V/ := V/ + Cln(///m)/(47rr^)^ The 



n6 So 



C := (mr) (mr) +si(mr) 



S2 . 



(3.5) 



6 ' ' 2 

The coefficients Sj are functions of the rugby ball's defect angle, 5 = 27r(l — a), and the 



background flux quantum, N, and are calculated explicitly in |2^] for loops of 6D spin-zero, 
-half and -one bulk particles. 

These ultraviolet divergences also track the dominant dependence on m in the limit that 
m ^ 1/r, since both UV divergences and large masses involve the short-wavelength part of 
a loop that can be captured as the renormalization of some local effective interaction. 



Renor malizat ion 

What is perhaps unusual about the renormalizations required to absorb the UV divergences 
(and large-m limit) of Vi_ioop is that they are not done using the couplings of effective 
interactions in the 4D theory. Because the wavelengths of interest are much shorter than the 
extra-dimensional size, divergences are instead absorbed into counter-terms in both the 6D 



bulk and 4D brane actions. Ref. |21| shows how to use the dependence of the Sj's on a, N and 



r to disentangle which bulk and brane interactions absorb the divergences found in eq. (3.4), 
which for completeness we now briefly summarize. 



Bulk counterterms 
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The relevant bulk counterterms are identified by writing the most general derivative expansion 
of both the bulk lagrangian that is nonzero when evaluated at the rugby ball background: 

^ = -C/-^i?- J + F,,,F''--^-^r'-Q.r' + ..., (3.6) 



where U = {2g\/ k^)U e'*' + 6U is the bulk potential, Ti = e^'f'/gl + 5% is the background 
gauge coupling, and (or i?^) are as defined in a linear combination of the most 

general quadratic (cubic) gravitational terms, which together evaluate to i? = -Rgp^ = 
(or R = -Rgpij = — 8/r^) on the rugby-ball background. 

In principle, all of the coefficients in eq. (|3.6|) can depend on (/>, but because e^'l' acts 
as the loop-counting parameter this dependence is dictated as a series in e^"^ whose order is 
dictated by the number of loops being computed. Keeping in mind that ( |3.6D is written in the 
Einstein frame, and the powers of e'^ already present in the classical Einstein-frame action, 
eq. (2.5), this leads us to expect that at one loop 



5U oc e^'^ , 5k-^ oc e^"^ , 5%, Cr^ oc e'^ , (3.7) 

while the leading term in C,ar and C^a is e''^-independent, and so on. 

In practice, in the Einstein frame this <j) dependence arises through the mass of the 
particle circulating in the loop, since a particle with a ^-independent Jordan-frame mass M 
has Einstein-frame mass m = 

Me'^/2_ So the one-loop (/^-dependence required by loop counting 
in the Einstein frame agrees with the m dependence required by dimensional analysis. For 
instance, in dimensional regularization one-loop corrections to U are dimensionally of order 
M^e^'l', and this agrees with the power of e"^ required by loop counting. Similarly, 
(5k"2 oc m"^ = M^'e^'^ and SHo^m? = M'^e'^, and so on. 

A crucial feature of bulk counterterms is that none of the parameters like 5U, 5% etc. 



can depend on brane properties like a or $b |21]. This is most easily seen if they are com- 



puted using Gilkey-de Witt heat-kernel techniques [^, ^ - since this calculation is explicitly 
boundary-condition independent (for bulk counterterms). Physically, it is because these coun- 
terterms capture the effects of very short-wavelength modes, which don't extend far enough 



through the extra dimensions to 'know' about conditions imposed at the boundaries. Ref. [21 
provides a calculation of what heat kernel techniques give for generic bulk counterterms when 
specialized to a rugby ball geometry, and the specialization to 6D supergravity is summarized 
in Appendix |X[ 

This means that the renormalized lagrangian evaluated on a rugby-ball background takes 
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the form 



(4 



vra r 



U 



1 

+ 

2 



1 



^2j.2 



1 



^0 



+ 



+ ••• 



+ 



+ 



(3.8) 



where the only dependence on a arises from the overall volume integration. With this in 
mind it is useful to split up the quantities Si in the following way: 



(3.9) 



where s^''^^ is the a-independent contribution renormalized by bulk counterterms, and the pre- 
factor of a corresponds to the rugby-ball volume, Attu r^, appearing in eq. (|3.8D . Because sf^^ 
doesn't depend on a, it can be evaluated using a Casimir energy calculation in the absence 
of branes — that is, on the sphere (or, equivalently, by evaluating the rugby-ball result at 
a = 1). 

Given sf^, the contributions to U, k^^, T-L, (ar. and can be read off by identifying 
the coefficients of r^, r^, AA^/r^, AA^/r^ and l/r^, respectively. Because the fi dependence of 
the renormalized quantities must cancel the explicit /^-dependence of Vi-ioopj they therefore 
satisfy pT| 



dU 



rrr 



d 



9/i 

Ch2 



6(47r)3 

2 

m 
'4(47r)3 
1 



sph, 
5-1 ' 



sph, 



sph, 



A (1 

dn 



m 



2(47r 



_ sph, 
,3 ^0 : 



8(47r) 



9/i 
d 



(47r)W2 



sph, 2 



8 



sph, 2 



(3.10) 
(3.11) 
(3.12) 



(47r)W2 2 

Here the quantities sf^'^ denote those terms in s^^*^ that are proportional to k powers of Af. 
Brane counterterms 



The divergences contained in 5si from eq. ( |3.9[ ) are absorbed in a similar way by counterterms 
in the brane action, whose generic derivative expansion is: 



-Tb + 



Ab 



R 



Ab 



TP rpMN I '"SAflb ry^mriTp 
2 -Ta/JV-T H ^ „ He i^rr 



2^: 



ARb 



D Z? JTiA/JV 



+ 



(3.13) 



Evaluating these at the background rugby-ball solution gives a contribution 

1-'^- -f' /I'' - n'^CARbf'^ 



Vb 



n 

Tb 



Abf 2Cflb /tGb/^ '^<ARbf KrH 



9% K-r'^ 

AbM 2Ub 



29l 



2gW 



+ ■■■ 



+ 



I^CAbAf"^ . <ARb^ . 4Cfl2i, K^AflbA/"' 



8gW 



+ 



+ 



8 91^6 



+ 



(3.14) 
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to the IPI 4D effective potential, with the complete result summed over all branes: Vbranes = 
^^Vfe. Again, each contribution can be disentangled by separating terms with different 
powers of r and M in 6si . 

The running of the brane couplings that results is 

dTb _ d fAb\ _ 2w? 1 

d ( C,Rb\ 1^"^ , 9 f KCxRb\ 1 



Ssl ^4Lri^\=^_s4^ (3.15) 



^dti\ K J 2(47r)2 ""^ ' "^dfiy gl J (47r)2AA 

dCR^b _ 1 r d f KCAb\ _ 8 2 

where, as before, denotes that part of 6si proportional to J\f^. 

It remains to compute the explicitly for various light bulk fields by performing the 
Kaluza-Klein mode sum. This was done in |2^] for spin-zero, -half and -one fields, with results 
which are summarized for completeness in Appendix In the next section we assemble the 
Sj's using the field content of various 6D supersymmetric multiplets, to determine how these 
multiplets renormalize both bulk and brane counterterms. 

4. Supermultiplets 

We now use the results for the Sj's for low-spin bulk fields, listed in Appendix and combine 
them into the field content of various 6D matter supermultiplets. We consider in particular 
two massless multiplets - the hypermultiplet and gauge multiplet, for which only S2 is relevant 
to renormalizations. We then combine these results to examine the renormalization due to a 
massive 6D multiplet. 

Hypermultiplet scalars 

Before combining into supermultiplets, we must first specialize the result for generic scalar 
fields given in Appendix |^ so that they can apply to the hyperscalars that appear in super- 
symmetric hypermultiplets. 

The part of the action, eq. ( |2.5| ), relevant for small hyperscalar fluctuations is 



Shyp = - I d'^x 

where 



(4.1) 



^/ = l + ya,.^'$" + ... , (4.2) 
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near = 0, and as before, gn is the gauge coupling constant. Notice, in particular, 

that this expansion of U{^) near zero introduces a small universal 6D mass term for ^' given 

by 



<5m 



25 



1 
2^ 



(4.3) 



where the last equality uses eq. ( 2.10I) relating the background value of e*^ to Regarding 
this mass, Jm^, as a shift in the hyperscalar KK spectrum, = A^^/r^, and using the 
expression for the scalar spectrum, Aj„, given for minimally coupled scalars in [^], we find 
that^^ 



(4.4) 



UJ 



UJ 

H \n 

2 ' 



1 

+ 2 



+ 



(1-AA2) 



This assumes a background flux with quantum N (where = ±1 for the supersymmetric 
case of U{l)ii flux), as well as the previously-mentioned definitions: ^f, := Ai,e'^/{27r) with 
6 = lb denoting the north and south branes. Finally, M := uj{N — <I>) with <I> := ^5 The 
quantity Ab enters the spectrum through the boundary condition At ■= A^{cos6 = b). 
When computing the small-t limit of the mode sum 



j=0 ra=— 00 



(4.5) 



we can use relation (4.4) to relate hyperscalar and scalar sums by S^g = e ^^"^Ss, so using the 
expressions for sf from Appendix ^ gives the following small-t coefficients for the hyperscalar: 



sfiio,N, $fe) 



— + 
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1 



360 24 36^ ^ 

-^2^ ^6^(1^61) + 
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180 



— + — 
2 8 



48 



1 - 15F(2) 



(4.6) 
(4.7) 



(4.8) 



^''The quantities and <E>(, used in this paper differ from those in by a factor of q. (Therein, they are 
called A'^i and Unless stated otherwise, we do not to track this g-dependence, since the i?-charges of 

interest are simply q £ {±1, 0}. 
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UJ 



In the above, we adopt the following shorthand: 

Fb:=|$6|(l-|cfb|) , F("):=^F,", := F , G(x) := (1 - x)(l - 2x) 



(4. 



(4.10) 



In the limit w — )• 1, — s- these become = 1, Sq^'^''' = —1/6, 



sph, 
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' 24 



sph,0 



1 , sph, 2 

and $2 = — iTTTr ■ 



40 ' '1 " 24 ' '2 - 5Q40 — -2 - 240 ' ^^'^^^ 

These agree with the corresponding Gilkey-de Witt calculation of Appendix The corre- 
sponding contributions to the running of the bulk couplings are 
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(4.12) 
(4.13) 
(4.14) 



"3(4^)3' "^dfiV'^^^^J 30(47r) 

where we quote the result for the general case where the hyperscalar couples to the background 
field with strength ghs5s- 

For the brane counterterms, we similarly find 6s-i = Ssf = 0, 
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(4.16) 
(4.17) 
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and so (again generalizing to coupling Qhsfi's) 
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^^^ll^J =-120(4^ + 60^ ^^-2') 

5C«26 _ 1 f II 6UJ 9(5^2 ^^5 ^2^^ 
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- (47r)2 VlO 6 J ■ ^ ^ 

In these expressions 5u} := w — 1, and the approximate equalities give the leading terms when 
\6u}\ < 1 and |^>;,| < 1. 

4.1 Hypermultiplet 

We are now in a position to sum the particle content of a 6D hypermultiplet, which consists 
of four massless hyperscalars together with a 6D Weyl fermion: 

s^yP:=4s^' + sl (4.27) 

with s^*^ computed above and given in Appendix |^. Although we need only really be 
interested in s^^^ for massless fields, we nonetheless keep track of s^^', s^^^ and s^^^ as well, 
since these are needed when assembling a massive multiplet. 

The above combination yields s_i = Sq^^''^ = (where we drop the 'hyp' superscript), 
along with 

s?'"' = l, .r^ = -(gL + 2g?)^, 4^''° = ^, 4''''' = -(^L + 4gf)^, (4.28) 

where M := 2r'^f = igg/gn characterizes the bulk flux (with the second equality using the 
field equation, eq. ( 2.10]) ) while ghs and qf are the charges (in units of Qb) of the scalar and 
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fermion, respectively, under the U{1) gauged by the background flux. The corresponding bulk 
renormalizations are 

dCj^3 1 

" "480(47r)3 ^^-^^^ 
^ dn ~^^^,[ 9l J- (4vr)3 I 1 - 15(4vr)3 " ^^"^^^ 



From here, we can use eq. (|3.8| ) compute the hypermultiplet contribution to the running of 



( ^^A (A 2\\ f ( d [kCauW 



^6 



a 



= (l-gLAA^-4g,^AA2)^^^. (4.31) 

Three choices for ghs and q{ are of particular interest: 

• No couplings to background fluxes: Qhs = Qf = 0; 

• Couplings to a background U{1) that commutes with super symmetry, in which case 
Qhs = q{ = q andM = ±gB/9R; 

• Couplings to a background flux that preserves super symmetry, for which the background 
flux gauges the U{l)ji symmetry, and so (7hs = il; 9f = and A/" = ±1. 

In the super symmetric case a cancellation occurs, generalizing to the rugby ball a result 
known to apply more generally to Ricci-flat geometries |43|. In this case s^'''^'^ = —s^^^'"^ = | 

J sph, sph, 2 1 1 

and S2 = —S2 = go and so 

^sph ^ ^.ph ^ ^sph ^ ^.ph ^ Q ^4 32) 

and fi{dVB/dfi) = vanishes once summed over the field content of a hypermultiplet. No- 

3 

tice that although the effective couplings for both RFj^jj^F'^'^ and R do renormalize, their 
contributions cancel in Vs. 

Specializing to the super symmetric charge assignments the brane-renormalized diver- 
gences are 6si = Adsf'^ ~^ ^^"^ 

dsQ = 1 + ^ - 2uj^Fb^ ~ Jl^ - 2|$fc| , (4.33) 
^ V 12 12 48 3 3 / 3 ^ ^ 
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(4.35) 

) 

(4.36) 
(4.37) 
(4.38) 



12 6 

where M = ±gB/gR = ±1- 

Notice that all of the brane contributions also vanish, 6si = (for all w), in the special 
case that the brane fluxes are equal and the total brane flux satisfies the supersymmetric and 
flux-quantization conditions, eqs. ( 2.26| ) and ( 2.44| ): 



' susy 



UJ 



(4.39) 

this is 



as well as = sgn(<I>-|-). Similarly fi{dVhra.ncs/dfi) = 0. Once again, although 5si 
not true for dsj and 5sf separately. 

In general this cancellation fails when $± are not equal, since this choice breaks super- 
symmetry. In order to track how Vbranes deviates from zero once supersymmetry breaks, we 
write 

= l-^susy ± - (4.40) 
Z UJ 

and allow rj to parameterize the difference through rj = it^ a;A$ where A<I> := — To 
ensure that rj >0, we label branes such that > (<!>+ < $_) when J\f = +1 {J\f = — 1). 
Also, notice that the condition |<I>fc| < 1 implies that i] < 1 + 6uj/2. 

At the north (6 = -|-1) brane, we find that the brane contributions to the coefficients 5si 
are given in terms of tj by 
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where 
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(4.45) 
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(4.47) 



The result for the south brane can be obtained from this using r] — > —rj if < 5uj/2. If instead 
5a;/2<r/<l + (5a;/2on the south brane, we find that a more convenient quantity is 



fj := r] — Su 



(4.48) 
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(along with F^j := fj{l — rj)), in which case 
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(4.49) 
(4.50) 
(4.51) 



(4.52) 
(4.53) 
(4.54) 



These expressions are identical to those obtained for the north brane, given the replacements 
'■"^ — ^ —sj. This follows from 



± _ 1 
2uj uj 



^ Slo (77 — Suj) 
2uj UJ 



\2io u 



(4.55) 



and because s} oc <^b rather than depending only on like the others. 

The running of the couplings on the north — the b = +1 — brane (which we choose to 
be the brane whose flux is larger in magnitude) are 
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(4.56) 

(1 - 2r/) , 
(4.57) 
(4.58) 



(47r)2w [ 120 

As before, the corresponding expressions for the south brane when rj < Suj/2 (rj > Suj/2) can 
be found by taking 77 — >■ —r] (r/ — f) = (r/ — 6uj) and Car+ —Car-) in the above. 

For both branes — i.e. for both 6 = it — and r] < duj/2, the hypermultiplet contribution 
to the total renormaUzed lagrangian becomes 
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(4.59) 



This expression is positive-definite on our domain of validity, < < 1 + 6uj/2, as can be 
checked by showing: (i) iidVb/dfi > at r/ = 1 for any w > 1; and (ii) the smallest root of 
the bracketed factor, r]o{^) > 1 + Suj/2 for any oj > 1. Also, when oj = 1, this expression 
vanishes as 77 —t- or 1, as expected. 

When dLu/2 < r] < l + 5u!/2 on the south brane, we instead find that the renormalizations 

are 
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Therefore, when rj > 6uj/2 on the south brane, the beta function for the hypermultiplet 
contribution to the renormalized brane lagrangian is 



(4.60) 

(1 - 2?7) , 

(4.61) 

(4.62) 
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(4.63) 
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This expression is identical to the one found for the north brane, but with the replacement 
r/ — )• 7/ — (J, so its positive-definiteness can be shown in the same way as before. (Recah that 
it is inconsistent to consider the limit ry — )• with fixed oj in the above expression, because it 
is only valid when r] > 5oj/2.) 

Finally, we sum the total contribution from both branes to compute how Vbranes = Ylb 



runs. When rj < 5uj/2, this is simply twice the result found in eq. ( 4.59 ). However, when 
r] > 5uj/2, we must sum eq. ( 4.59D with our last result, eq. ( [4.63| ). As expected, if we sum an 
even function of t] with the same function evaluated at ?? — w, we get an even function about 
r] = uj/2 (which happens to be the midpoint of our domain of validity, 6uj/2 < ij < 1 + 5u}/2): 
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(4.64) 



This expression is positive-definite, because it is the sum of two separately positive-definite 
expressions. 

4.2 Massless gauge multiplet 

We next compile similar results for a massless gauge multiplet, by summing the contribution 
of a gauge field and a 6D Weyl fermion: 



Dropping the 'gm' superscript this combination yields s^]"]^ = Sq^*^ = 0, and 
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(4.65) 



(4.66) 



3 ' ^ 15' ^ 15 ' 

where, as before, M = ziigg/gn and where QfgB is the charge of the fermion under the U{1) 
gauged by the background fiux. Since we assume the background fiux gauges an abelian, 
U{1), factor of the gauge group, we also choose qg{ = for the gauge boson. 
The corresponding bulk beta functions are 

5^3 1 



120(47r) 



(4.67) 
(4.68) 



15(47r)3 ' 

which, when combined using eq. ( ^.81) , give the gauge multiplet contribution to the running 
of Vs: 
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(4 69) 

15(47rr2)2 " ^^-'^^^ 

This again vanishes given the super symmetric choices = 1 and J\f = ±1 (and qg{ = 
0), although this comes as a cancellation between the running of ^4^, and C^a, which both 
separately renormalize. 

We similarly compute the brane contributions, 6si = 6sf + using the expressions in 
However, as discussed therein, there are two cases to consider because of the shift in fluxes 



required to calculate the fermionic mode sum. In |]2l|l , we use the quantity <I>^'^ := — a^Q 
— where <1>q := (1 — uj~^)/2 and a is the spinor's helicity — to calculate the fermionic mode 
sum, so this mode sum is dependent on whether < <I>q or \^h\ ^ '^o- happens, we 

encounter the exact same distinction when considering unbalanced fluxes, when > <1>q 
{\^b\ < *^*o) ™ north (south) brane, respectively. As for the hypermultiplet we specialize 
to the super symmetric background flux, and write the brane-localized fluxes relative to the 
common supersymmetric value through the substitutions 

Af = ±l, <^, = ^±^, ci>,,sy = ±(l-a;-i) (r/>0). (4.70) 

Z UJ 

At the north brane (where b = +1), we find — using the notation = lo{^1) — Pb^g), 

Pb = ^h/l^bl, Fb = l*^6|(l ~ \^b\), etc., as well as the shorthand = r]{l — rf), 

(Jso = 5^0 gf + f = - -— + — +- —- — + 2FJ=^. 4.71 

a;\3 3/a;\3 3 J uj 

Similarly, by making the identifications = it, \^b\ = we find 

Ssl = U-'^-'-^-'^-'^^^^?l-^^\,-2„), (475) 

^ w V 15 10 15 60 30 10 6 y ^ ^ ' 

6si = - \ \ \ \ ^ H (4.76) 

^ w \^ 30 180 45 180 6 6 J ^ ^ 

using the same approach. When summed, these coefficients give 

Sso = 6si = 6s2 = (4.77) 
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for all uj in the supersymmetric limit of equal fluxes (for which ry = 0). 

For nonzero r] supersymmetry is broken. When 77 > (5a; at the south brane, we would 
instead make the identifications p;, = =F) = ^ — and find results similar to those 
above, but with r) i) := 7] — doj, sj — )■ —sj. However, when r] < 5uj, we must instead use 
the fermionic result valid when \^h\ < <&q. Substituting, we find that the coefficients at the 
south brane are, e.g., 
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(4.80) 
(4.81) 



(4.82) 
(4.83) 
(4.84) 



The condition |$|^| < 1 means that rj < 1, so all of these expressions lose their validity 
beyond this upper limit. 

The running of the renormalized brane couplings from a gauge supermultiplet then be- 
come, on the north brane: 
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Therefore, the beta function for the gauge multiplet contribution to the running of Vt is 
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(4.88) 



Several features of eq. ( 4.88 ) bear emphasis. First, it vanishes for all w as ?] — t- 0, as 
appropriate to the super symmetric limit, and when u = 1 it also vanishes as — )• or 1, as 
also expected for the Salam-Sezgin sphere in the absence of branes. Second, for nonzero r] it 
is positive definite throughout its domain of validity, < < 1, so long as a; > 1 (i.e. the 
branes have positive tension). This definiteness of sign can be checked by showing that: (i) 
fidV+fdfi > at, e.g., = 1 for any w > 1; and (ii) the smallest root of the bracketed factor, 
Vo{^) ^ 1 for any u > 1. 

For the south brane, the result can be obtained from the above in the case rj > Slo, simply 
by taking ij ^ ij — 5u; and Cah+ ~^ ~Car-- When r] < 5uj we instead find for the south brane 



d_ f kCar- 

^dt^y gl 



V gl 



1 



5/i 4(47r)2u; 



6uj 17(5^2 2 5oj^ 6uj^ 



10 



180 



45 



+ 



15 



— ^ + — ^ u(l + 277 ^ 

30 10 / ^ 6 



uj^F. 



5uj 5uj'^ 
15 ~ To" 

ojF_ " 



6u^ 
15 



"60"^ "30" 



+ 



F2 



30 



10 



6 



6uj 6uj'^ 5u}^ 6u}^ 
' 30 180 I5" ^ 180 



F2 



ojF_ 



(4.89) 
(1 + 27?) 
(4.90) 



-(1 + 27?) + 



?F. 



6 



(4.91) 



Therefore, the gauge multiplet contribution to the running of Vfe for the south brane in this 
case is 
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When u; = 1, this expression vanishes as 7? — )• or 1, again as expected. It can also be shown 
to be positive definite, in the same way as is done for eq. ( [1.88 ). 
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Finally, we sum the contributions at each brane to find the total renormalization of 
Vbranes = H for a massless gauge multiplet. When r] < 5uj, this is 
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which vanishes, as expected, when 77 
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a function that is even about ry = cj/2 (the center of its domain of validity). These expressions 
agree, as they should, when 77 = Soj. 

4.3 Massive matter multiplet 

The previous sections have the drawback that they involve only massless super multiplets, in 
the sense that supersymmetry forbids their 6D masses being parametrically large compared 
with the KK scale, 1/r. As a consequence only dimensionless couplings get renormalized when 
these fields are integrated out (using dimensional regularization and minimal subtraction). 

To get beyond this, in this section we compute the m-dependence of the Casimir coefficient 
for a massive 6D supermultiplet. Recall that the field content for this multiplet is a massive 
gauge field (mgf), two Weyl fermions (2f) and 3 real hyperscalars (3hs). Keeping in mind 
that the Higgs mechanism makes a massive vector equivalent to a massless vector plus a 
hyperscalar, the particle content of a massive supermultiplet is equivalent to the combined 
field content of a gauge and a hypermultiplet.^^ 

We use this observation to compute the coefficients Si for the massive multiplet in terms 
of those found above for gauge- and hypermultiplets, by taking 
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(4.95) 



Our previous work in tracking all Gilkey-de Witt coefficients — even though we then only 
needed S2 for massless fields — pays off here, since they all contribute for a massive multiplet. 



^^At first sight this is hard to reconcile with the particle U{1)r assignments. However, because hyperscalars 
carry nonzero U(l)ri charge, we also expect the standard U{1)r symmetry to be spontaneously broken if the 
gauge field acquires its mass due to a nonzero hyperscalar vev. Particle states would then be labeled by the 
unbroken linear combination of the R symmetry and the naive generator for the heavy gauge field. 
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Given this prescription, a massive matter multiplet gives the fohowing nonzero bulk 
coefficients, s^'''^''^. 
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and so contributes the following renormalizations to the bulk couplings: 
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Notice in particular that the nonzero renormalization of Ti and generation of curvature- 
squared terms is consistent with the known loop corrections to the gauge kinetic functions 
p4| ] required by 6D anomaly cancellation. However unbroken supersymmetry implies these 
contributions precisely cancel in the renormalizations of the total bulk lagrangian evaluated 
at the rugby ball background: 
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This is equally true when the branes break supersymmetry {i.e. r] ^ 0), since bulk renormal- 
izations do not know about brane boundary conditions. 

The situation is more complicated for the brane renormalizations, however, for which 
fi{dVb/dfi) should not vanish for unequal brane-localized fluxes. We start by quoting the 
(5sj's for a massive multiplet, and then computing the corresponding beta functions. On the 
north brane, we have 
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which give the fohowing renormahzations: ^dTj^/{d^) = 0, 
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Therefore, the total contribution of a massive matter multiplet to the running of V4- is 
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Notice the appearance here of terms proportional to m? , although the entire quantity vanishes 
in the supersymmetric limit r/ — )• 0. 

Following the prescription (5s™™ = 5s\^ + (5sf™ on the south brane, we obtain different 
results when either: 1) < 6ijj/2; 2) 5uj/2 < rj < 6uj; or 3) Su < r] < 1. For the sake of 
brevity, we will only consider case 1 in what follows (since only in this case can the limit 
r/ — >• be taken, with fixed w / 1), and refer the avid reader to Appendix ^ for the complete 
results that include cases 2 and 3 as well. 

When 77 < 6uj/2, we find that 
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which give the following renormalizations: 
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Therefore, the total contribution of a massive matter multiplet to the running of V- (when 
f] < 6oj/2; see Appendix ^ for the result when rj > 5uj/2) is 
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The first line in eq. ( [1.125| ) is identical to the result in eq. ( pT^ ) for the running at the north 
brane, and the additional piece in the second line of eq. ( [4.125[ ) is odd in tj. 

Lastly, we can assemble the total contribution of both branes to the running of Vbranes = 
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Regarding the positive-definiteness of this result, we can rest assured that any m-independent 
contribution is positive definite, since it is simply a sum of two positive-definite contributions 
from the massless hyper- and gauge-multiplets. As it turns out, the m-dependent terms are 
also positive definite. (Checking this must be done with some care, but it can be shown that 
the non-trivial zero, ?7o(^)) of the coefficient of (mrf in eq. ( |4.126D satisfies both 7?o(l) = 1 
and drjo/dco > for all u > 1.). However, for rj larger than 6io/2, the results in Appendix]^ 
indicate that there is always some choice of m for which the beta function is negative. 

An exception to this is the special case where w = 1, in which case r] > 6u} {= 0) for 
any rj. As seen in Appendix ^ this regime is also positive definite, since the contribution of 
a massive matter multiplet to the renormalization of the IPX effective potential in this case 
is simply the sum of the contributions of a massless hypermultiplet and a massless gauge 
multiplet. 

5. The 4D vacuum energy 

The previous sections give the divergent part of Vi-ioop obtained by integrating out low-spin 
bulk fields and show how these divergences are absorbed by renormalization of various bulk 
and brane interactions. This section computes the implication of these renormalizations for 
the effective 4D cosmological constant. A, and on-brane curvature, as seen by a low-energy 
4D observer. 

As argued more generally in ||2l|], for codimension-2 branes this is not simply given by the 
sum^^ V := Vs + Vbranes + V/, where V/ is the finite part of Vi_ioop- Instead, the changes to 
the branes captured by Vbranes must be combined with the contributions of bulk back-reaction 



along the lines of refs. |23] - which in general need not be suppressed relative to the direct 



effects of Vi_ioop; or Vbranes itsclf [11, 44, 45 1 . Indeed, this back-reaction is what allows 
flat solutions to exist at all at the classical level, despite the large classical positive tensions 
carried by each brane. 

The complete back-reacted response to V is not yet as well understood as is the response 
to a localized brane source. For this reason it is worth focussing exclusively on the large 
logarithm, ln(M/m) in A that our renormalization-group mechanism tracks. That is, although 
the //-dependence in Vb and Vbranes always cancels the explicit ln(/i/m) appearing in V/, 



^^This result would be appropriate in the 'probe' approximation, but this approximation often fails for 
codimension-2 objects. 
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there is a (;U-independent) large logarithm of order \n{M/m) that survives once it has done 
so, where M is a typical UV scale, of generic order Mg. Because part of the log always comes 
from the brane and bulk renormalizations, its coefficient can be tracked purely using the RG 
calculations as given above. And the logarithm can be the dominant part of the answer when 
M is much greater than m. 

5.1 Classical bulk back-reaction 

We first recap the general results of ref . [ 23 1 , to establish a common notation and to emphasize 



those features that are special to the super symmetric case. Ref. |23| starts with a rugby-ball 
solution and asks how its properties respond to small changes in the brane action, 5Sb = 
— J d^x-y/— 7 5Lfe, where jab is the metric induced on the brane from the 6D Einstein- frame 
metric in the bulk and 

1 . fAb 



6U = m-^S ^-^j e^^Fmn . (5.1) 

In particular, it asks how the effective 4D cosmological constant is affected by such a change, 
given that it vanishes for the unperturbed system. 

The back-reaction caused by 53^ is evaluated by tracking how it affects the bulk boundary 
conditions |^^, and then solving the linearized 6D field equations to compute the change to 
the predicted value for the curvature, R^u, along the brane directions. In particular, it is not 
assumed that the perturbed geometry has a rugby ball form. The effective 4D cosmological 
constant is then defined as the quantity that would give the same curvature in the low-energy 
4D theory. This is a special case of a 'matching' calculation between the effective theory and 
its UV completion [||, El. 



The result found in 1 23 ] is easy to state when the bulk lagrangian density has the Einstein- 
Maxwell-scalar form of interest here: 



b 



6Tb 2 ^ 



(5.2) 



where ^ e^'^Fmn = / = AA/(2r^) is the background rugby-ball bulk flux and the subscript 



2 

.2- 



indicates that 6Tb and 6{Ab/gg) are to be evaluated at the classical background configuration 
for any bulk scalar (s). 

At first sight the only difference between this and the naive 'probe-brane' expectation, 
■'^probe = "^b^-^b: seems to be small: the additional contribution of the 5Ab term in the first 
equality of eq. ( |5.2| ) . (Physically, this additional contribution to A arises from the energy cost 
imposed by adjustments to the bulk flux caused by flux quantization when the bulk volume 
changes in response to the altered defect angle due to 6 Lb-) Furthermore, the suppression by 
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of the 6Ab terms relative to the 6Th terms make it tempting to conclude that the new 
terms are always negligible. 

There are two reasons why this intuition breaks down for the 6D supergravity of interest 
in this paper. First, the supergravity has a classical flat direction in the absence of the 
branes which is stabilized by the brane-bulk couplings, implying that the brane action is 
itself important in determining the value for (p^. For 6D supergravity, the position (p^ where 



this stabilization occurs is related to 6Lh by 



5U 



[gl 



0, 



(5.3) 



where L'^ := dLb/d(f) where (p is the 6D dilaton. When the value of is determined by 
the interplay of the brane action and the flux-quantization condition the second reason for 
believing the SAb term to be unsuppressed becomes operative: flux quantization ensures 0=,, 
takes a value that makes Ab and Tb the same order of magnitude, as found above in eqs. ( p. 29 ) 



and (2.30). The same is not true for higher terms in the derivative expansion of Sb because 
these do not enter into the flux-quantization condition. 



Using eq. (5^) in eq. (|5.2|) gives the classical supergravity result of |23]: 

A = -E(^i 

Notice if Lb oc e'^'^ this takes the simple form 



(5.4) 



(5.5) 



and so vanishes in particular when Lb is independent of (j) (as is the case for the zeroeth-order 
brane action for classical rugby ball solutions), and A = — Y^f^Lb if Lb oc e'^'^ (as is true for 
one- loop corrections to the tension in these solutions). 

5.2 Application to supersymmetric renormalizations 



There are two complications to be checked before applying the results of |23] to the renor- 
malized one-loop action of this paper: (i) both bulk and brane actions are renormalized; and 
(ii) both bulk and brane actions include corrections that are higher order in the derivative 
expansion. We next deal with the relevance of each of these in turn, specializing to the su- 
persymmetric case where the bulk Maxwell field is chosen to lie in the f/(l)jj direction, with 
unit flux M = N = ±1. 
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Bulk counterterms 

Renormalizations of bulk terms in a generic action can modify the classical field equations, 
and so in general also their linearization around the bulk rugby-ball solutions. In particular 
they can cause the on-brane curvature to become nonzero. This is simplest to see in situations 
where a flat on-brane metric is achieved by tuning the bulk cosmological constant, since for 
a generic theory this tuning need not be preserved under renormalization. Ref. gives 
expressions for these corrections for a slightly broader class of theories than is considered in 



With this in mind there is much good news for the renormalizations of the 6D supergravity 
of interest here. First, the vanishing of s'']^^ and (once summed over a supermultiplet) 
automatically ensures that neither U nor get renormalized at all at one loop by the 

low-spin massive matter supermultiplet considered here. 

The bulk Maxwell action does get renormalized by a massive matter multiplet, however, 
as do the curvature-squared and higher-derivative terms. 
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(5.6) 



where we use m = M2e<^ and define ^ := ln(M/m). We assume M/m to be independent of 
(f) when differentiating, as is plausibly the case if the UV scale is a string theory (since then 
all Einstein- frame masses come with the same factor of e"^). As noted earlier, this vanishes 
once evaluated at a super symmetric rugby ball — for which FmnF^'^ = 2/^ = 1/(2 r^) and 
R = R = — We now ask how these terms change the solutions to the background 
equations of motion. 



Differentiating eq. (5.6) with respect to (p and evaluating at the rugby ball background 
gives a vanishing result, and shows that 6Cb does not affect the background dilaton solution. 
Next, differentiating with respect to Am gives 

4^ 
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(5.7) 



17 



which also vanishes at the rugby ball, for which the integrand is a total derivative 

similar argument applies when the metric is varied. In this case the variation of terms like 

^^The surface terms associated with these total derivatives are not neghgible, and contribute brane-locahzed 
terms once singular behaviour near the branes is excised by surrounding them with small Gaussian pillboxes. 
There they combine with the brane action and lead to the near-brane boundary conditions, such as the 



analogues of (2.17) for Am and g 
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\f~~9 g^'^g^'^ vanish once evaluated at the rugby bah background, leaving variation of the 
2D curvature as the only nontrivial quantity. Because in two dimensions one always has 
Rmnpq = 5 RiOmp dnq — Omq dnp) we may Write R = R fov this variation and so find 



6 d^x 6C 
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d x-v/— 5 



M^e't'R-^FmnF^'' + ^ 
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(5.8) 



which again involves the integral of a total derivative. 



Higher-derivative brane counterterms 

Since the background is unchanged by the renormalizations of the bulk action, the results of 
ref. 1 23] are almost directly applicable. The only remaining caveat is that renormalizations 
don't just renormalize the first two terms of the action, eq. ( ^.13 ), but also generate the 
higher-derivative brane-bulk couplings. These can be neglected because (unlike for the brane- 
localized flux term, A^) their effects really are suppressed by powers of K/r^ or g%/r'^. They 
are suppressed in this way because (unlike the Ab term) none of them are amplified by the 
fiux-quantization condition. 



5.3 Loop-corrected 4D cosmological constant 



We may now use eqs. ( ^.4[ ) and ( ^.5D to write an expression for A at one loop in 6D supergravity 
compactified on a rugby ball stabilized by ^7(1)^ fiux, directly in terms of the renormalized 
quantities V;, and V/. We do so under the assumption (necessary, but not sufficient, for 
unbroken supersymmetry) that the classical brane action is independent of 0: (9£f,/90 = 0. 

In this case the brane action acquires a dilaton dependence through its renormalization 
by bulk loops, with dilaton-dependence of the 1-loop corrected action arising through the 
powers of m, whose appearance is dictated on dimensional grounds: ST^ oc = M^e^"^ , 
5{A/g\) oc vn? = M'^e'^ and similarly for the higher-derivative interactions. Consequently, 
loop-corrected brane action takes the form of eq. ( 3.13 ) with coefficients 
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and 

etc., with coefficients that are directly given by the brane renormalization equations, eqs. ( |3.15| ): 



CK26('A) = d°i + cLi^ + -- - , (5.12) 



bsl (1) _ 5s\ (1) _ bs\ 



(1) ^ ^ , . ^ , 

2(47r)2 ' (4^)2AA ' 2(47r)2 

(1) ^ 2fe2 ^ '^4 (1) ^ _^£L (r, 1Q^ 

(4^)2AA2 ' ^'^^^ 2(4^)2AA ' 4(4^)2 ' ^^'^''^ 

and so on, where the second equality specializes to the result computed earlier for a massive 
matter multiplet. All of the 1-loop terms are therefore suppressed by e^"^ relative to the 
choices that would have been invariant under the classical scaling symmetry, eq. ( ^.14 ). 

Incorporating the bulk back-reaction finally leads to a formula for the effective 4D cos- 
mological constant of the form 

A = J];Ab + A/, (5.14) 

h 

where the explicit /x-dependence that Aj inherits from V/ is canceled by the implicit [i- 
dependence of the renormalized couplings in Af, (just as the ;U-dependence in V canceled 
between V/ on one hand and Vf, and Vs on the other). This /i- independence is most usefully 
exploited by choosing /u, so that all of the large-M dependence resides in Af, rather than in 
A/. 

Explicitly, Aj, is obtained from V;, by evaluating eq. (|5.4D at the rugby-ball background, 
as well as Vs = 0. Using eqs. ( |5.13| ) in eq. ( |5.5| ) we find the most UV sensitive part of A is 

C 



(47rr2) 



2 



(5.15) 



where 

2 \2gRj 2 V / \2gji^ 

There are several noteworthy features about this result. First, it vanishes (for all uj) in the 
supersymmetric limit where — )• 0. Second, it is of order l/(47rr2)2 even if kM'^ ~ C'(l). As 
noted in |^^, this size is a consequence of the flux stabilization which, through eq. ( ^.lOD , 
ensures the loop-counting parameter is e'^'^' oc 1/r^. Finally, notice that massless multiplets, 
such as the gauge- and (hundreds of) hyper-multiplets required for anomaly cancellation, do 
not contribute at all, since all of the terms proportional to are </)-independent. 
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In the case of a massive matter multiplet with tj < 6uj/2 (i.e. the case considered in the 
main text), C is given by 

Although nothing conclusive can be said about the sign of Abranos := Ylb^b for arbitrary 
values of w, tj and M (as was done for the effective potential beta functions in §4), taking 
{kM /2gp,Y > 1/3 guarantees positive Abranes for a range of r/'s near r/ = 0. Similarly, taking 
{kM /2gji)'^ < 1/3 guarantees negative Abranes near rj = 0. Also, if we take the sphere limit 
(i.e. the case in Appendix ^ where rj > 5uj with 5a; —t- 0), we find that 6so = 5s1 + 5s\ = 
for any rj. 

6. Conclusions 

We close with a brief summary and a sketch of the most dangerous bulk-brane higher loops. 
Summary 

This paper uses the recent results of [^] to compute the one-loop IPI quantum action for 
6D gauged, chiral supergravity [^], evaluated at a rugby-ball solution [^] to its classical 
field equations. By carefully tracking the near-brane boundary conditions as a function of 



the brane action |36, 23 1, we are able to include the effects of bulk back-reaction to these loop 
corrections. 

Our main focus is to identify the UV-sensitive part of the result, to see how it generates 
local effective interactions in the bulk and on the brane and how these interactions depend 
on the assumed properties of the branes and bulk. Because the rugby ball geometries are 
curved, they capture many UV-sensitive interactions that are not seen in the more familiar 
quantum calculations on tori p7| . 

We find that bulk supersymmetry strongly constrains the renormalization of bulk in- 
teractions. Renormalizations, such as corrections to the gauge coupling function and to 
higher-curvature terms, do occur, but with coefficients that are related to one another by 
supersymmetry. This is consistent with general expectations based on anomaly cancellation 



arguments in six dimensions [34|. The total bulk contribution to the effective vacuum energy 
vanishes, due to cancellations these relations permit between between gauge and curvature 
renormalizations . 

The branes are not similarly assumed to be supersymmetric a-priori, and so we use 
the most general brane action expanded in a derivative expansion. The first two terms of 
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this expansion can be physically interpreted as the brane tension (no derivatives) and the 
amount of background flux that is localized on the brane (one derivative). In general the 
presence of both these terms are required to allow low-energy perturbations to exist that are 



consistent with flux quantization |23|, and their dependence on the bulk dilaton, (p, can be 
used to stabilize the one modulus of the bulk geometry through a 6D analogue of the 5D 
Goldberger-Wise mechanism. 

Although branes generically break all supersymmetries we find that it is possible to 
couple them to the bulk in a way that preserves the unbroken supersymmetry of the bulk 
[p!^ ], provided three conditions are satisfied. 

• The branes do not couple to the bulk dilaton at all; 

• The total brane- localized flux and brane tension are related by eq. ( 2.44| ). 



• The defect angles are the same size at both branes (as would be automatic if the two 
branes were identical). 

What is surprising about the second condition is that (at least in the case of identical branes) 
it is selected automatically as the bulk modulus adjusts to satisfy the flux-quantization condi- 
tions that drive the Goldberger-Wise mechanism in 6D, leading to a supersymmetric config- 
uration for arbitrary dilaton-independent brane tensions. This need not remain possible once 
two-derivative terms and higher — such as 6Cb = \f—l BhR/K., for example — are included 
in the brane action, so supersymmetry is expected to break once these are included. 

Not too surprisingly, the entire one-loop IPI quantum action evaluated at the rugby ball 
vanishes when the brane also preserves supersymmetry, at least when the brane action is 
only kept out to one-derivative order. This ensures that the entire one-loop vacuum energy 
vanishes in this case. Since higher-derivative terms need not be supersymmetric we expect 
the one-loop vacuum energy not to vanish generically once their influence on bulk modes is 
included. 

Dangerous higher loops 

In the absence of brane-localized particles this would be the end of the story. However when 
brane particles are present larger effects can be possible. The simplest way to compute these 
is to estimate how bulk loops would renormalize the properties of brane-localized fields, and 
in particular what dependence on (p they introduce. Then include this (/>-dependence into 
a brane loop (which doesn't itself cost an additional factor of e^'^), using a heavy and non- 
supersymmetric brane particle. We do so here by assuming that all (/)-dependence introduced 
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by bulk loops enters (in 6D Einstein frame) through the (/)-dependent bulk mass m?[(j)) 
M^e"^, with powers of rn^ appearing wherever they can on dimensional grounds. 

To see how this goes, consider as brane lagrangian the cartoon Standard- Model form 



-7 



(6.1) 



where h, ip and are brane-localized scalar, spin-half and gauge fields, with T = dA. On 
dimensional grounds bulk renormalizations would be expected to renormalize this action by 
an amount 
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7 ( ^ d^.hd^'h + C2m\(t))h' + V (C3^ + CiXh)^ + ^ Ff.yF^''' + 
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(6.2) 

in addition to the renormalizations of the tension, T, and other brane-field independent coef- 
ficients considered earlier. Here the are dimensionless coefficients that could be calculated 
using techniques similar to those used in earlier sections. As usual, a power of m? only ap- 
pears for the scalar mass term, since the fermion and gauge masses are respectively protected 
by chiral and gauge symmetries. 



Proceeding now to performing a loop of brane fields |22], we focus on the scalar loop. We 
expect this to give contributions to the brane tension of order 
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(6.3) 



(6.4) 



What is important is the term in ( |6.3| ) proportional to = e'^ , since this is of 

order M2/(167r2r)2 (as opposed to when ^ M ^ ^/Qr ~ -^6 are much larger than 

1/r. Terms independent of m? are not dangerous since the arguments of §5 ensure that they 
drop out of A once back-reaction is included. Terms involving four powers (or more) of m are 
also not dangerous because they are proportional to (at least) e^"^ oc 

Notice the dangerous term requires both of the following two ingredients: 

• A brane-localized scalar, since the dangerous term only comes from scalar masses on 
the brane which are the only super-renormalizable interaction that is not protected by 
a symmetry and so can be shifted by m?'{<j)) (an intriguing connection to the ordinary 
hierarchy problem.) 
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• A massive bulk supermultiplet, since the dangerous terms arise from powers of m^. 

The easiest way to avoid the dangerous terms is simply to postulate the absence of any massive 
multiplets, since these are not required by particle physics (unlike the required existence of 
massive Standard Model particles on the branes). This would remove the low-energy part 



of the cosmological constant problem (see, e.g. [45| for a discussion), which is usually the 
hardest part. But it leaves open that part of the problem that asks why the UV completion 
(presumably a string theory) does not give a large contribution. 

The upshot is this: the generic size of UV effects in a scenario with nonsupersymmetric 
branes coupled to a supersymmetric bulk is of order M^m^/(47r)^, where M is a large brane 
scale and m is the KK scale. In the absence of massive brane states this leading term can 
vanish, leaving terms of order the KK scale alone. None of this is generic to an arbitrary 



extra-dimensional setup. Three additional ingredients appear to be required |11 



• The classical scale invariance of the bulk supergravity, and the associated zero mode 
that survives classical flux stabilization of the extra-dimensional bulk; 

• The systematic inclusion of brane back-reaction of the branes on the bulk geometry; 

• The possibility of having codimension-2 branes with brane-localized flux, <^f,, that can 
break this scale-invariance and so lift the flat direction through the interplay of back- 
reaction and flux-quantization. 

The crucial role played by back-reaction in this mechanism underlines its importance, 
particularly for the dynamics of low-codimension objects (for which the inter-brane forces 
do not fall off appreciably with distance). Although this is understood reasonably well for 
codimension-1 objects (through the Israel junction conditions [^]), it is just beginning to be 
explored for higher codimension (and in particular codimension-2 |^, Q). It is rare to find 
such a vast region of unexplored territory in particle physics, and its exploration is likely to 
contain other surprises as well. 
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A. Heat kernels and bulk renormalization 

In this appendix we collect for convenience the explicit expressions for the heat-kernel coeffi- 
cients for low-spin matter supermultiplets in 6D theories compactified on a 2-sphere. 

Gilkey-de Witt coefficients 

Heat-kernel methods provide very general results for the form of UV divergences in the pres- 
ence of various background fields. Consider, for example, a collection of N fields, assembled 
into a column vector, ^, and coupled to a background spacetime metric, gMN, scalars, 
and gauge fields, A'^j, with background-covariant derivative, D^/, of the form 

D,,^ = a,,^ + COM ^ - iAl ta^ . (A.l) 

Here ujm is the spin connection, and the gauge group is represented by the hermitian matrices 
ta- The commutator of two such derivatives defines the matrix-valued curvature, Y^n^ = 
[Dm,Dj^]^, which has the following form: 

YmN — T^MN ~ i^MN ■ (■'^•2) 

Here IZmn is the curvature built from the spin connection uj^, which is related to the Riemann 
curvature of the background spacetime in a way which is made explicit in the heat-kernel 
Appendix of ref. |21]. 



Suppose further that the one loop quantum action for such a field is given by 

iS = -(-)^^TV log(^-n + X + m2) , (A.3) 

where (— )^ = + for bosons and — for fermions, and □ = g'^"^ DmD]^, X is some local quantity 
built from the background fields and m? is the 6D mass matrix. In dimensional regularization 
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the divergent part of this quantity can be written as ||4 

3 



1 I ^F 



^ r(/t - 3 + e) j (fx^ tr [m^-^fc (^.4) 



2(4^)3 ^ 

where the divergences as e — )• arise from the poles of Euler's gamma function, T{z), at non- 
positive integers. Specializing these expressions to a rugby ball and comparing to eqs. 



and (3^), clearly is proportional to Sk-i of the main text. 

What is most useful about this expression is that in the absence of branes the coefficients, 
Ofc, are explicitly known matrix- valued local quantities constructed from X and Ymjv- In our 
conventions the first four Gilkey coefficients are |42] 

ao = I 

ai = -l{R + 6X) (A.5) 



^2 = ('^RabmnR'^^^'^ — '^RmnR^'^ + — 12 or) 

+IrX + - -DX + —YmnY^''' 
6 2 6 12 

as = ^ (^-ISa^ R+ 17 D, J RD^'R - IDlRmnD'^ R^'"' - 4Dr^R,,j,D'' R^"" 
+QDkRmnlpD''R'''''^'' + 2mUR - SRmn^R""' + 2AR''t,D''D^RML 



+ LlHMNLP^ti — ti H — KHmn^ — -ti-rCABMNJ^ 



35 14 „„ 14 

I TJM p piV-L pA/JV pKL p _l_ PM P TjNKLP 

"I ^ -fl, jv -fl-ML -fl- — n n,MKNL "I ^ -fl- AT ^MKLP ^ 

pAS p TJMNKL r>A M p r>BKNP 

Jl- A/iV -n-ABA'L -n- ^ B N ^AKMP ^ 

+^ f sz^M^.^- D^Y""' + 2i^*^y^M i^K^^^' + i2y*^^nn,^ (a.6) 

1 OV*^ V-f"' UMNKL , ^ pAf -i^ VNK 

-BRY^"" Ymn - en^X + 60XDX + 30DmX D^'X - 60X^ 
-SOX y*^^ Ymn + WR ox + 4i?"^ DmD^X + UD'-'RDmX - 30X2 ^ 
-|- 12X OR — 5X R^ -\- 2X R]^fffR^'^ — 2X Rj^g^j^R' 



where / is the unit matrix. 

Specialized to the product of 4D Minkowski space with a 2-sphere, the coefficients oi 
through 03 simplify to 

ao = I 
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ai = ~R-X 
6 

60 6 2 12 ^ ' 

6 g^o 30 " ' ™ 40 12 

-\x^-T7iX'^R--k^XR^. 

6 12 60 

Spins zero through one 

We now collect the results for X, Ymn and the ultraviolet-divergent parts of the one-loop 
action, for the particles arising in 6D matter gauge- and hyper- multiplets. We assume also 
the fields in the loop do not mix appreciably with the supergravity sector, so in particular any 
gauge fields considered cannot be those whose background flux stabilizes the extra dimensions. 

Scalars 



Consider M scalars, with action 
S = - [ d^x^/^ 



(A.8) 



The functions U, V, W and the target-space metric, Gij, are imagined to be known functions 
of the The background-covariant derivative appropriate to this case is: 

= Om^' - iAl {taTj^^ , (A.9) 

where the matrices {taYj represent the gauge group on the scalars. 

The kinetic operator controlling small fluctuations about a classical background is given 

by 

A'j = -d'jn + X'j, (A.10) 

with X'^j given by 



where subscripts onU,V and W denote differentiation with respect to the background field 
tp^. Specializing to the simple geometry and Maxwell fields of the rugby ball, these simplify 
to X'^j = G'^^ \ykj + \RUkj + \ Wkj] and Ymn = -igf Q ^mn, where g is the gauge coupling 
and gQ = ta is the hermitian, antisymmetric charge matrix for the background gauge field. 
Notice that these imply y^„y"*" = -2g'^p and y"^„ Y^^i Y^^n = 0. 
With these expressions the coefficients uq through 03 satisfy 

trao=Ar, trai = -y i?-trX, (A.12) 
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and 

tra2 = ■^R^ + ]:RtTX + l-trX^-lfftrQ^ (A.13) 

tra3 = - — R^ + -R g^f tr + 1 tr (XQ^) 
^ 630 20 ^ •' ^ 6^ V ^ ^ 

--trX^ -—RtiX'^ -—R^trX. 
6 12 60 

These give explicit functions of ip once the above expression for X is used. 
Spin-half fermions 

For J\f 6D massless spin-half Weyl fermions, with a = 1, A/", we take the following action 

S = -J d^x^ ^ Gabi^) ? , (A.14) 

where p = e^'^ J^Dm with 

£»mV'" = - \ ^mIab^ - iA^ta^ , (A.15) 

where 7^ are the 6D Dirac matrices and e^*^ the inverse sechsbein, Jab = ^[T^iTis], and ta 
denotes the gauge-group generator acting on the spinor fields. Since 6D Weyl spinors have 4 
complex components their representation of the 6D Lorentz group has d = 8 real dimensions. 

The differential operator which governs the one-loop contributions is in this case p = 
g-a'^I^Dm and so in order to use the general results of the previous section we write (assuming 
there are no gauge or Lorentz anomalies) logdet^ = ^ log det(— ^^), which implies 

iSi/2 = i TV logf = ^Tr log (-^') 



= -IV log [-U --R+ -j^^'F^.taj . (A.16) 

This allows us to adopt the previous results for the ultraviolet divergences, provided we divide 
the result by an overall factor of 2 (and so effectively d = 4 instead of 8), and use 

X = -^R+^-^--F2,ta, (A.17) 



and 



Ymn — 7: Rmnab'J 'iF°' MNta ■ (A. 18) 



The Gilkey coefficients become^^ 

Tri/2[yM^yn = -4tri/2(W(,)i^M^i^''"""' - y RabmnR' 

= -8ffHvi/2{Q^)--^R\ (A.19) 

^*We adopt the convention of using Tr[...] to denote a trace which includes the Lorentz and/or spacetime 
indices, while reserving tr [...] for those which run only over the 'flavor' indices which count the fields of a given 
spin. 



-ihMN 
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where the second hne speciaHzes to rugby ball background fields. 

Keeping explicit the sign due to statistics, and dropping terms which vanish when traced, 
this leads to the following expressions for the divergent contributions of N 6D Weyl fermions: 

(-)^Tri/2[ao] = -m, (-)^Tri/2[ai] = -yi? 

(-)^Tri/2[a2] = ^R^- \ffi^i/2{Q') (A.20) 



Massless gauge bosons 



For M gauge bosons, ^"/^ with field strength J^2in ^^'^ a = 1, we use the usual Yang- 

Mills action 

S = - I d^'xV^ 1 T^(^) Tt,.^r , (A.21) 

expanded to quadratic order about the background fields: A'j^i = A^^j + (5^"^. For an appro- 
priate choice of gauge the differential operator which governs the loop contributions becomes 

A-^'tN = -S\ + X-'%^ , (A.22) 

with 

X'^'^^ = -R''^5\ + 2i{t,)\F'"N , (A.23) 

where tc here denotes a gauge generator in the adjoint representation. 

Ref. [^] sums the contributions of the vector fields and ghosts to get the contribution of 
M physical 6D massless gauge bosons: 

i- f Tr 1 [ao] =4Ar, (-)^ TV i [m] = ^R (A.24) 
15 6 



(-)^ Tr 1 [ag] = -J[^R +J^9'fRtriiQ 



Supermultiplets 



In this section, we show that the Gilkey coefficients cancel when summed over the field 
content of a gauge- or hypermultiplets, providing that the background flux does not break 
supersymmetry. Recall that unbroken supersymmetry requires the background gauge field to 
lie in the i?-symmetry direction. 

Gauge Multiplets 
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A gauge multiplet involves one Weyl spinor and one gauge boson. Specializing these earlier 
results to rugby-ball background fields, we have for Mg Weyl fermions 

2M„ 



Tri/2[ao] = -4AA,, (-)^ Tr 1/2K] 
i-fTr.M = 4^ - Tr^tri/2(Q2) (A.25) 



(-)^Tr,/2[a3] = ^-^tr,/2(Q^), 



where A^^ = g%/g\ is the background flux quantum number. 
Similarly, Ng massless spin-1 particles gives 



'TVi[ao] = 4AA,, (-)^Tri[ai] = --^ (A.26) 

o v 



ANg 5A2 
15 ^ "eT^ 



)^Tri[a2] = ^ + ^tri(Q2) 



)^Tri[a3] = -^---^tri(Q^). 



These sum to give the following result for Mg massless 6D gauge supermultiplets: 
Trg[(-)^ao] =0, Tr g[i-f ai] = 

Tr.[(-)^a2] = ^ - ^tr,/2(Q^) + ^tnlQ^) (A.27) 

Tr .[(-)^ «3] = ^ - tr - ^ tr . 

For the supersymmetric compactification we must use unit background flux, A^ = 1, and 
the charge assignments for U{l)pi: iv i{Q'^) = and tri/2(Q^) = ^g- Iii this case the above 
formulae simplify to 

Tr,[(-)^ao] = Tr,[(-)^ai] = Tr,[(-)^a2] =Tr,[(-)^a3] = 0, (A.28) 

as claimed in the main text. 

Hypermultiplets 

Hypermultiplets contain one Weyl fermion and two complex scalars, with the scalars carrying 
charge ±1 under the gauge group C/(l)j?. 

The fermionic contribution to the vacuum energy is as in eq. ( A.25| ). For the scalars we 
may use the results of eq. ( A.13| ), specialized to the hypermultiplet lagrangian, for which 

U = W = and V = 2gle'^v{^) where v{^) = 1 + ^Gij<^'^^ + ■ ■ ■ , (A.29) 
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which imply 

X^,=2gl e^G^^v,^\^^^ = ±^5^^. (A.30) 

It fohows that for TV), hyperscalars Tro/ = AMh, Tr = 2Mh/r'^, Tvq{XQ'^) = Tro((5^)/(2r2) 
Tro(^^) = A/)i,/r^ and Tro(^^) = Mh/ {2r^). Using these expressions we have the following 
spin-0 contribution for Nh hyperscalars: 



Tio[{-Y ao\=m, Tro[(-rai] 
^o[(-)^a2] = - 7T7-4 t^o(Q') (A.31) 



TVo[(-)^a3] = TT^-:itro(Q2) 



where, as before, N"^ = OB/dR- 

Summing this with eq. (|A.25 ) for Afh Weyl fermions gives the result for A//, hyper- 
multiplets 



Tt h[{-f ao] = , Tr,,[(-)-^ai] =0 

Tr,[(-)^a2] = -\ -—,try,{Q') - t,,{Q^) (A.32) 



which, with the supersymmetric choices A^^ = 1, tr ;^/2(Q^) = ^-iid tro((5^) = 4A/'/i, gives the 
simple result 

Tr/,[(-)^ao] =Tr„[(-)^ai] =Tr/,[(-)^a2] =Tr;,[(-)^a3] =0, 
used in the main text. 

B. Results for spins zero, half and one 

This appendix briefly summarizes the results for Si for spins zero, half and one, as computed 



in ref. |21]. 



Spin zero 

Consider first the simplest case of a single minimally coupled real scalar field, satisfying 
(— □ + m?)(f) = 0, that is coupled to the background gauge field with monopole number A^ 
and brane-localized fiuxes 
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In this case, using the notation u = 1/a and 



[l-x){l-2x), (B.l) 



we find the fohowing for the Si coefficients: 
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(B.3) 



in agreement with the results in IsH, as well as with the result as computed using the 



Gilkey-de Witt coefficients for a 6D scalar on a sphere using the general results found in [42]. 
If the scalar couples to the background field with strength qgg , its contribution to the running 
of the leading bulk counterterms therefore is 
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The quantities relevant to brane renormalizations are 6s-i 
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The corresponding contributions to the running of the brane counterterms are 



(B.5) 
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Spin half 



We next quote the resuhs for a massive minimally coupled spin-half 6D Weyl field minimally 
coupled to the background. Using the notation 



iVf, 



N -a. 



(B.7) 



one finds different expressions depending on whether or not is larger or smaller than 
<I>Q. We quote only the case |$;,| < <1>q, and refer the reader to j2l|] for the more general case. 
For a 6D Weyl spinor the coefficients Sj become: s'Li = —A/uJ, 
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in agreement with Gilkey-de Witt methods and those found in [^] for fermions on a sphere. 



'Both results agree when |"I>i,| = $o. 
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For a fermion with charge qgn, the corresponding contributions to the running of the 
bulk couphngs are 
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The quantities relevant for the brane action (when < ^•o) 5s -i = and 
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The brane counterterms therefore renormalize as follows: 
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Spin one 

We next state the results for the Casimir coefHcient for a gauge field, provided this gauge 
field is not the field whose flux stabilizes the background 2D geometry. We consider in turn 
the cases where the 6D gauge field is massless or massive (in the 6D sense). 



Massless spin one 

We begin with the massless case. Defining 



iVgf^:=iV, $f :=$;,-^<, $f = a;-i = a = l- — 



one obtains the following contributions to the bulk divergences 
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and after these are subtracted the brane renormalizations are obtained from 
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+ ——- + — — + -— r— ^ 4 5-^ r-^ ^^-^ , (B.15) 
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along with ds-i = Ssl = (as usual). 

Because the renormalizations coming from are proportional to m^~'^^ , where m is the 
6D mass, for massless fields we need only follow the contributions of S2, ensuring the only 
nonzero renormalizations are 



in the bulk, and 
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on the brane. 



Massive spin one 

In this case, in the sphere hmit we have 
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and so we obtain the bulk renormahzations 
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C. Complete results for the massive multiplet 



In this appendix, we compile the complete result for the renormalization of the south (6 = — 1) 
brane when r] is not constrained to be < 5uj/2, but instead < rj < 1. At the end, we state 
the resulting beta function for Vbranes •= Ylb^b- 

Given that 5sf^^ = Ssf^ + Ssf^, and using the results from the main text for the hyper- 
and gauge multiplets, we find that, on the south (6 = —1) brane. 
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which give the following renormalizations (recall that fj := rj — (5a;): 
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Therefore, the total contribution of a massive matter multiplet to the running of Vb on the 
south brane is 
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Lastly, we can assemble the total contribution of both branes to Vbranes 
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